General Relativitiy
Linearized

Linearize the equations assuming that
9ij = Mij + hij (1)

where h;; are all assumed to be small so that only first order terms in h;;
will be kept. Then

S = 979 = 9" (i + hjr) = 7 + "7 —07) (e + hjr) (2)
= 8 +0"hj + (67" — 7" )n (3)

from which
g7 =u7 =ity hg = 7 — hY (4)

where the raising of the index on A is via the metric 7%

Substituting into the curvature, and keeping only terms linear in A at
most, and realising that the only parts of the metric that are spatially de-
pendent are the h, all terms of the form I'T' can be neglected as being of
order h2.

ViV VF =V, Vi VF = 9T}, — ;T — Tk T — T8 T V! (5)

The other Gammal® is symmetric is ij and thus does not enter. Since to
lowest order in h the I'T" terms are 0 since the I' for the background metric
are all 0.

Thus thelinearization will be

Ryi; = ; (0i0lgjk + 0;0k9s — 0:0kgji — 0;019ik) (6)
Then
Ry = 5 (@i0hy + 0,0chis — Oy0kha — 00he) (7)
The Ricci tensor is

Rix = ¢"' Rijis =~ ' Riju (8)



Now define h = n*h; and h'; = n*hy; and O = 599,0; to get
1 . .
Ry, = i(Dhik + 0;0h — 0;0;K |, — 0,O; ;) 9)

Notice that if 7;; is the usual Minkowski metric ds? = dt? —daz? — dy? — dz?
(taking ¢ to be unity) then O = 07 — 9 — 07 — 92 then the first term is just
the wave equation term. The other three terms are messier.

Now, one of the problems is the coordinate problem. Under a change in
coordinates from Z to x coordinates we have

gap = gydelyday = gudiydiy, (10)
But the coordinates are just scalar fields defined on the spacetime. This
dzh = 05" dxy (11)
Thus
9ij = Ju0ii* 02t da’ dx? (12)

or This is the general transformation of a metric.
If the coordinate transformation is small z° = % + x* where y is assumed
to be small (jj1), and we retain only lowest order we have

ox' 5 = ;+6xixj (13)
Gij = Gij + OziX; + OpiXi- (14)
0.1 Harmonic coordinates.

Recall that each of the coordinates is a field on the spacetime. Let us as-
sume that the coordinates obey a scalar field equation, and we choose the
generalisation of the less Klein Gorden field equation

0f — 050 — 93¢ — 92 =0 (15)
The first guess would be

Va(g"¥Vipe) =0 (16)



The components of this would be

Vi—g70;0=0 (17)
and
Va(g*PVpo) = 0,(979;0) + I}g" 056 = 0 (18)
Now
Thi = gim;(&gmk + OkGmi — Omgki) =0 (19)

The first and third term cancel under the interchange of m and ¢ which are
just summed over. This leaves

Z

1
lemakgzm (20)

Now let us look at the determinant of the square matrix {g;;}— the matrix
whose elements are the components of the metric. We will call this deter-
minant g. We know that in the determinant, each term g;; occurs either
not at all or linearly. Let us define the Minor of g;;, M* as (—1)"*/ times
the determinant of the matrix with the ith row and jth column crossed out.
Then the term in g multiplying g;; is just M* Also the determinant is just

=2 9;M i where hati is some value of i which is chosen and fixed. The
sum 3; gi,; M ii where k + 7 is the determinant of the matrix where the ith

row was replaced by the kth row. Ie, this is the determinant of a matrix
where the kth row and ith row are the same. But a matrix with two rows
the same has a determinant of 0. Thus

Zg,;jMij = g(S}IC (21)
J
Thus the components of the inverse metric are just ¢¥ = ;M 3
The derivative of ¢ is then

kg = (Okgij)M" = (0xgij) 99" (22)

Thus T}, = 2—;’ = a,i>/_|? and we get

V(g Vo) = =0k (lolg00) (23)
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Now let us choose our coordinates such that each of the coordinates sat-
isfies V4948V 2" = 0. These are called harmonic coordinates. (note that
this is certainly true of the usual ¢, x,y, z coordinates since the condition is
a second derivative while the coordinates are linear functions of the coordi-
nates)

Then we want

9:(\/19lg79;2*) = 0 (24)
But 8jx’“ = (5;-“ and thus this condition becomes

9,(/199"7) = 0 (25)

This is called the Harmonic coordinate condition. If we write this in terms
of the linearized metric, we get

1 1 1 1
——0/lgl = 59" 0igr = 5 ("' Bih = S 0;h (26)
o 2 2 :
since to Oth order g = det(n;;) = —1. and thus the harmoic condition
becomes
1 . .
Lot o 2

Defining ]_lij = hi; — %hmj, this becomes
d;h"7 =0 (28)

Transformed equations Using these harmonic coordinates we get

1 - - 1
Then the Einstein tensor is
1w 1 -
Gij = Rij — 29 Rigi; = il:lhij (30)

Thus, in these coordinates, the components of the linearized Einstein
tensor are just half of the Klean Gordon operator on each component of the
trace reversed metric perturbation.



If

GAB = OéTAB (31)
then we have
1
Gap = Rap — iRgAB (32)
1
gABGAB =R — aRgABgAB =—R (33)

since g4Bgan = (5ﬁ = 4. Thus —R = a¢*BTsp = oT and

1 1
RAB = OZTAB + §R9AB = Oé(TAB - §T9AB) (34)

For a Newtonian star, the rest mass energy density far exceeds the energy
flux, the momentum flux or the stresses (they are at best of order of the
velocity of sound over ¢ smaller). Thus we can approximate the Newtonian
situation by assuming that only the component 7;0 is non-zero. Then 7" =
g9T;; = nT;; = Ty and we have

1
Ry = Oé(TOO) - §T00) = Too (35>

But in our Harmoic coordinates, Ry = %Dhoo. We found previously that in
the slow motion limit, if hgy = 2¢ where here ¢ is the Newtonian potential,
then the particle travelling along a geodesic will have an equation of motion
for the spatial cordinates of Newton’s force equations in a gravitational field.
Thus we want hgy to be twice the Newtonian potential. Assuming the source
of the gravitational potential does not move, then ¢ depends only on the
spatial coordinates, and [O0ho0 = —2V?¢. The Newtonian potential obeys

V2¢ = 4nrGnp (36)

where p is the mass density (or the rest mass energy density).

Thus we require @« = —87(G. in order that the Einstein equations be ap-
proximately the Newtonian gravitational equations in the limit that ¢ is small
(or reinserting ¢ the velocity of light, ¢/c? is small) and if we demand slow
motion so that time derivatives can be ignored, and non-reltivistic matter,
so that the energy density dominates the energy momentum tensor.

Thus we have

GAB = —167TGNTAB (37)



0.2 Harmonic coordinates redux.

Note that this does not uniquely specify the coordinates. There are of course
an infinite number of solutions to the Klein Gordon equation, and thus an
infinite number of coordinates which will satisfy this condition.

If we linearize the metric around the flat spacetime metrix 7;; such that
gij = Mij + hsij, where only h;; depends on the coordinates, then

0.(lolg™ = 0,0 = Za™ ) = 0 (39)
(any term in the matrix enters into the the terms of the determinant
either not at all or linearly. Define M = 0, det(g) as the minor of the term
gi; The minor is the determinant of the matrix g where you cross out the ith
row and jth column times (—1)"*7. Let us fix i. Then det(g) = ¥, g;; MY
(no summation convention on 7). If we take i’ # 7, then >, gi/; M* would be
the determinant if the ith row of the matrix g were replaced by the i’th row.
Ie, that would be a matrix with two rows, the ith and i’th the same. But the
determinant of such a matrix with two rows the same is 0. This

> g MY = didet(g) (39)
J
or
MY = det(g)g” (40)

The linearization of detg will thus be h;;0,,.9 = hin“detn = h where the
summation convention applies. Ie, the linearization of g, the determinant, is
just h the trace of the perturbation.

Under and infinitessimal coordinate transformation ! — 2+ (?. the first
order metric changes by

hij — h,‘j + &Ck + (9;@ (41>

where Cl = nljgk
Thus we would require that

Oi(h™* + 0'¢k + 0F¢' — ;ak(h +2¢;¢7) = 0;(h™* — ;@kh) +0O¢k. =0 (42)



Thus if the original coordinates obeyed the harmonic condition, the new
coordinates will obey the lineared harmonic condition if

F=0 (43)
Substituting into Einstein’s equations we have
Dh;; = —167GNT; (44)

as the Einstein equations for the linearized metric. The solution to these
equations is of course the retarded Green’s function for the Klein gordon
equation

ot —t — |z —2a])
At|x — 2|

hij(t,x) = _/167TGNTij(t/>$/)

dt'd*z’' (45)

where |z — 2/| = \/(a_:' — ') - (¥ —2") If T}; is dominated by Ty (ie nonrela-
tivistic matter where the pressures and momenta are much smaller than the
rest mass energy density) then only hgg will be non-negligible, and

!

R = i

and
_ 1-
hij = hij — Shmi; (47)
With hgo the only non-negligible term, we get
_ _ 1-
h = hoonoohoo = Ehoo (48)
hab =0- *}_”]ab = *hOO(sab (49>

where a, b take values of 1 to 3.



