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A variety of coordinates in which the Schwarzschild metric is regular over the whole of the extended
spacetime are compared and the hypersurfaces of constant coordinate are graphically presented.
While the Kruskal form (one of the later discoveries) is probably the simplest physically (using a
pair of null coordinates), and is certainly the best known, it is not the simplest mathematically.
Each of the other global coordinates has some interesting features,

In 1916 Schwarzschild[1] found the first exact solution to the equations Einstein had suggested a few months earlier.
The solution was for a spherically symmetric system in polar coordinates
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(where 1 have chosen the mass and time units such that G = ¢ = 1 or in normal units where M stands for GM/c?,
which is a length). However, the solution has singularities at » = 0, and at » = 2M. While the singularity at
r = 0 was expected, since even Newton’s gravitation equations for a spherically symmetric system had a singularity
at r = 0, the status of the singularity in the metric at » = 2M (which they called the Schwarzschild singularity),
confused many, including Einstein[2]. It was only in 1933, when Lemaitre[3] found his coordinate transformation
that made the metric regular across the horizon, that Lemaitre explicitly stated that the singularity in the r = 2M
metric was an artifact. This singularity was present because of the the coordinates that Schwarzschild had used. It
had already been recognized by Lanczos in 1922[4] that the physical status of singularities in a metric was unclear,
because singularities could be introduced by making a singular choice of coordinates. However, the applicability of
this insight to the r = 2M singularity was seemingly not appreciated by anyone.

This paper will look at a number of these coordinate transformations, with the purpose of displaying a variety
of coordinate systems which are regular in the whole of the analytically-extended Schwarzschild spacetime. The
Schwarzschild spacetime has two horizons at r=2M, one for ¢ — oo, and the other for t — —oo. Some coordinates, like
Schild’s and Kruskal’s coordinates, are global coordinates which extend the metric through both of those horizons, and
were actually published. In other cases the new coordinates I present use published coordinates which are regular across
one or the other of the Schwarzschild horizons. Such coordinates can easily be turned into global coordinates covering
the whole of the extended Schwarzschild spacetime. Since, in a number of cases, the ”single-horizon” coordinates (i.e.
coordinates which are regular either on the future or the past horizons, but not both) were discovered long before
Schild’s global coordinates, this could be seen as an exercise in alternate reality— what could have so easily happened
to our understanding of the Schwarzschild metric if only the inventors of those “single-horizon” coordinate systems
had recognized what we now realize they almost had.

In all cases, I will also graph the constant-“time” and constant-“radius” hypersurfaces for the chosen coordinates
in background Kruskal coordinates. I use Kruskal’s as the fiducial coordinates because they are the best known of
the global coordinates.

These extended coordinates are called analytic extensions. They are based on the fact that Einstein’s equations are
analytic equations, and the Schwarzschild solution is an analytic solution in the region of validity of the Schwarzschild
coordinates. If one finds new coordinates in which the metric coefficients are also analytic in these coordinates, and the
new coordinates are analytic functions of the old coordinates in some domain, then the right-hand side of Einstein’s
equations in the overlap region of the two coordinate systems is an analytic function (in this case zero ) of those
new coordinates. But an analytic function which is zero in a connected domain of the complex plane must be zero
everywhere that the metric is defined in these new coordinates. The metric in the new coordinates must obey the
source-free Einstein equations everywhere. It is important to note that this argument crucially uses analyticity, and
says nothing about the actual physical situation in the region not covered by the original coordinates. There could



be ”"monsters” (arbitrary changes of metric) of any description hidden in the new region not covered by the original
coordinates, as long as the description of those monsters in term of the new coordinates is not analytic.

In 1921, both Painlevé and Gullstrand [5] independently found new, spherically symmetric and time-independent
solutions to Einstein’s equation:
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In the following I will refer to this as the PG form of the metric. Both Painlevé and Gullstrand argued that this
metric proved that Einstein’s theory was inconsistent , in that two different solutions to the spherically symmetric case
existed, and apparently encompassed different physics. For example, straight lines, i.e., geodesics, were described by
different solutions as functions of time ¢ and radius r in their solution than in Schwarzschild’s solution. But one of the
key features of Einstein’s theory is that it allows arbitrary coordinate transformation, each of which encompasses the
same physics, but expresses that physics differently. Neither Painlevé nor Gulstrand recognized that their solutions
were simply coordinate transformations of Schwarzschild’s solution, with
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(In each case where multiple symbols + in an equation in this paper, one chooses all of them to be be the same —
either all + or all —). Nor did they recognize the implication for the “Schwarzschild” singularity (r = 2M), that
their metric was finite (the metric, written as a matrix, is non-singular) at » = 2M. They believed that coordinates
themselves held physical significance. It was Einstein who emphasized to Painlevé that changes in coordinates did not
change the physics[2]. However, there seems to be no evidence that Einstein explicitly showed the relation between
the PG coordinates and the Schwarzschild coordinates.

As can be seen from the PG metric, the metric on either of the surfaces of 74 or 7_ constant (either dr. or d7_equal
to zero), are flat 3-D Euclidean spaces in polar coordinates, unlike the Schwarzschild metric where the spatial surfaces
(t=constant) are parabaloids of revolution in a 4-dimensional Euclidean space[7].

In 1922, Eddington also found an explicit pair of coordinate transformations
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ds? = <1 - 21\/[> (dt+ + dr)* F 2(dtrdr + dr?) — r*(d6* + sin(0)%d¢?). (5)

where one usually writes {1 +7) = us They are regular at r = 2M (i.e., the metric tensor is regular and non-degenerate
at r = 2M, as is its inverse). , Eddington did not recognize (or at least did not comment on) the implications this
had for the so called Schwarzschild singularity[6]. These coordinate transformations and metrics were rediscovered in
1954 by Finkelstein[9] who certainly did recognize that they implied that the Schwarzschild singularity was purely a
coordinate artifact.

These metrics are, however, not what are now call the Eddington-Finkelstein forms of the metric. What is now
called the Eddington-Finkelstein (EF) form of the metric is obtained by replacing ¢+ by u+ = t+ F r to give

ds? = (1 — g)(dui)2 + 2duydr — r*(d6? + sin(0)?dp?) (6)

These null forms of the coordinates (i.e.,coordinates where the tangent vectors to the r coordinate axes are null
vectors) seems to have first been given by Penrose in 1965 [10]), who wrongly ascribed it first to Finkelstein, and later
to both Eddington and Finkelstein. This historical error propagated into the textbooks, especially the one by Misner,
Thorne, and Wheeler[11]. T will call these null coordinates the EF coordinates, for Eddington and Finkelstein, since
that is how they are usually referred to in the literature. They would probably be better called Penrose-Eddington-
Finkelstein coordinates, but I will stick with tradition. The original coordinates which Eddington and Finkelstein
both found I will call the OEF for “Original Eddington Finkelstein”.

The PG metric and the OEF metric are coordinate transformations of each other, with a transformation that is
regular for all values of r > 0. In particular, if we take

Ty =us Fr+r (7)



we turn the PG into the EF form of the metric.

In 1933, Lemaitre[3], concerned about cosmological solutions to Einstein’s equations, introduced his form of the
Schwarzschild metric. He was, in part, interested in a set of solutions to Einstein’s equations in which one embeds a
Schwarzschild solution into a variety of cosmological spacetimes, including the De-Sitter universe. One of his solutions
was the empty-space Schwarzschild solution itself but in a special set of coordinates:

2M
ds* = dri — Tdai —r2(df? —sin(h)?d¢?) (8)

where 71 are the PG time coordinates, and o4 are defined by@r% = +v2M (o4 —74). Here o4 label the time-like
radial geodesics which start out (for the + choice for +), or end up (for the — choice), at infinity with zero velocity.
At the central singularity » = 0, 71 and o4 are equal, so the label o of the geodesic is just the PG time at which
the geodesic is at the central singularity. 74 is the proper time along these geodesics. Lemaitre explicitly showed, in
passing, that this metric was a coordinate transformation of the PG metric, and that the PG metric itself was just a
coordinate transformation of Schwarzschild’s form.

As is well known, all three forms of the metric (PG,EF, and Lemaitre) demonstrate that the Schwarzschild sin-
gularity, » = 2M, is a coordinate artifact, and that the metric is regular (has a well defined inverse) everywhere for
r > 0 including at » = 2M. However, each comes in two different forms (designated by the + labels) which cover
different regions of an extended spacetime. All cover the exterior (r > 2M) but by the change of a sign, they also
cover distinctly different regions corresponding to r < 2M. The two different sets of coordinates, designated by +
in the three coordinate systems, cover only parts of the possible global extensions of the Schwarzschild spacetime.
In particular, for the + sign, timelike inward travelling radial geodesics heading toward » = 2M can be continued
for » < 2M in those coordinates, while geodesics heading away from r = 2M cannot be continued into the past,
because the timelike coordinate goes to —oo as geodesics approach » = 2M. The coordinates with the minus sign
label geodesics heading toward r = 2M, which only arrive there at an infinite time-coordinate, while those heading
away originate at r=0 at finite coordinate time in the past.

Is there a set of coordinates for which the only singularities occur at r=0, and in which the metric is regular
and complete (i.e., all geodesics end either at the true singularity corresponding to r = 0, or at 7 = 00) in those
coordinates? The answer is, of course, well-known to be “yes” (although it is not “yes” for extended coordinates
in cases like rotating or charged black holes). Although we now know the answer, the knowledge was a long time
coming, with the first discovery reported in 1950. There are of course an infinite number of such coordinates, but I
will look at some of the historically-based ones. These come in two types. One type is the coordinates which were
actually proposed in the literature as such global coordinates. The second is coordinates which are based on the above
coordinates — EF, PG, Lemaitre — which cover just one of the horizons, but can be minimally altered to cover the
whole of the spacetime, and could, in hindsight, have easily been discovered, as I will show later.

T

In the following I will keep factors of 2M but will write them using the dimension-free factor # = 577, so that one

can easily return to the usual area coordinate r by replacing 7 by r/2M. I will also sometimes use t=t /2M

A. Rindler

In two-dimensional flat spacetime there is a flat metric (all curvatures are zero)
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which covers only parts of the usual Minkowski flat spacetime. 7 = 1 is a “singularity” of this metric, just as r = 2M is
a singularity of the Schwarzschild metric. The first occurrence of this metric and coordinate system for flat spacetime,
that T know of, occurs in a footnote to the Einstein-Rosen wormhole paper [12] in 1935 where they claim that this
coordinate system in flat spacetime is well known. It was popularized by W. Rindler in the late 60’s in his textbook
as an example of a horizon[13], which can act as an analogue of the horizon of a black hole. In the early 1970’s,
in his thesis and in the resulting papers[14], Steve Fulling gave these coordinates and metric the names “Rindler
coordinates” and “ Rindler metric”. They share with the Schwarzschild metric the feature that the horizon (p = 0) is
singular and that there are a number of procedures to create coordinate transformations which transform this singular
metric to a system of coordinates which cover the whole of flat-spacetime as described below:

ds? = (7 — 1)dr? —

Procedure I) Taking p = 2v/# — 1 we get the metric

ds® = p? ()2 —dp? (10)



t = p sinh(7/2); z=p cosh(7/2) (11)
ds* = dt* — dz* = p*dr* /4 — dp? (12)

While the coordinate transformation is valid only for ¢, z such that ¢t — z < 0 and ¢t + z > 0 (i.e, for p > 0 and all
values of 7. the resultant metric in ¢, z coordinates is analytic for all values of ¢ and z, and thus obeys the vacuum
Einstein equations everywhere, since it does so for t — 2z < 0 and 7+ z > 0. Note that people often state that the 7, p
coordinates also cover the whole spacetime, but the singularity at p = 0 make this both arbitrary and irrelevant. An
analytic function which is zero in a connected region (the curvature tensors as a function of ¢, z in this 2 dimensional
case), is zero everywhere. Note also that dt/dr is positive for p > 0.

Since the coordinate transformation is analytic (the singularity at p = 0 is an isolated singularity of the transfor-
mation in the complex plane), if the metric obeys Einstein’s equations in some finite region, it must obey them in the
whole region covered by the transformed coordinates.

Procedure II)

ds* = p? dr? /4 — dp® = p* ((dr/2 — d1n(p))(d7 /2 + d1n(p))) (13)
Defining v =In(p) — 7/2 and v=7/2+1n(p) and V =¢", U = —e ™ we have
ds® = e’ “dudv = d(—e"")d(e") = dUdV (14)

Again, the coordinate transformation is analytic for V' > 0 and U < 0. It also obeys dV/dt > 0 and dU/dt > 0 where
t = (V +U)/2. The resultant metric in these new coordinates must be a solution for all U, V. The transformed
metric, of course, is just flat spacetime in double-null coordinates.

The key feature of this second procedure is that the coordinates (u,v in this case) are proportional to the logarithm
of the original coordinates (in this case, of p or of 2v/r —1 and in the Schwarzschild case of r/2M — 1). This
logarithmic dependence means that this coordinate takes the value of minus or plus infinity at the horizon. However,
the exponential of In(r/2M — 1) is zero at r = 2M, and thus the exponential of the coordinate can be used to cancel
the zero in the metric. Thus the series of transformations p?dvdu = e"~“dvdu = d(e”)d(—e~") eliminate the zero in
the metric giving a metric which is analytic in the new coordinates everywhere.

Procedure IIT)

While procedure II is carried out with null coordinates, that is not necessary. In flat spacetime in Rindler coordi-
nates, timelike geodesics all exit the past horizon and enter the future horizon. It can be difficult to find a procedure
for making the exponential of this coordinate be a single zero at both horizons. That is not true of null or spacelike
geodesics however. Spacelike geodesics cross the horizon only once, and they, just as for timelike geodesics, have log-
arithmic singularities in the relations between the coordinates at the horizon. Thus the exponential of such spacelike
geodesics can also be used to cancel the zeros in the metric coefficients.

The geodesic equations, derived from the Lagrangian,
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with the parameter ds constrained so that
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are given for spacelike geodesics by
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From this we get % = L for some positive constant T, where at this point 7" is simply a constant designating the
spatial geodesic. This is usually designated by E, but for future purposes I choose T'. This gives

2
(20)
or defining p = %
2
() -k
This has two solutions
uTy = sinh(t + k) (22)

where k and T4 are constants defining spacelike geodesics. Now let us fix £ and define new coordinates
Ty =sinh(t + k)/p = psinh(t + k) (23)

Choosing Ty and T_ to be two sets of coordinates, and expressing them in terms of the usual transformation between
Rindler and Minkowski coordinates

T = psinh(t); X = pcosh(t) (24)
This gives
Ty =sinh(k)T £ X cosh(k) . (25)

T, and T_ are then each timelike coordinates, with constant 7'y or T_ being spacelike surfaces. These are clearly a
set of coordinates which cover all of the flat 2-dimensional Minkowski spacetime. Applying this in 4-dimensional flat
spacetime would give two coordinates, T+ whose level surfaces are spacelike, and two Y, Z whose level surfaces are
timelike. Since the metric would still retain its signature (the eigenvalues of the metric tensor having signs + — ——
under any coordinate transformation), the metric in these coordinates could not have only diagonal components, and
is

ds* = dT? —dX? —dY? — dZ> (26)
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While in flat spacetime, any timelike geodesic will penetrate the horizon twice, in Schwarzschild spacetime, the
timelike geodesics can be chosen to penetrate only once if their energy is larger than unity (i.e., they have greater
than escape velocity).

I. UNIVERSAL COORDINATES

Many of the early transformations from Schwarzschild coordinates to coordinates valid over the full analytic ex-
tension of Schwarzschild follow one or the other of the above three Rindler procedures. However, historically, it is
not clear that the possible Rindler metric transformations influenced the discovery of the the various extensions in
Schwarzschild metric. Despite the brief mention in a footnote by Einstein and Rosen, the now-called Rindler trans-
formations, did not seem to be widely known when the early transformations of Schwarzschild were discovered. It is
only in hindsight that one can thus classify the procedures for finding global coordinated transformation as following
one or the other of the above Rindler transformation types.

Let us now look at some of the historical transformations described below.



A. Synge

The best known of the analytic extensions is the Szekeres-Kruskal form discovered in 1960, but the first global
coordinates were given by Synge[15] in 1950, an accomplishment which seems to have sunk into the seas of forgetting.
This may be because of the relative obscurity of the journal in which he published the paper, but more likely it
was because of the obscurity of his arguments, and because of his belief that they showed more than they did. For
example, he claimed that, in addition to regularizing the horizon, they also proved that r = 0 was also a coordinate
singularity and that his coordinate transformation extended the spacetime through that singularity as well.

In finding his coordinates, Synge basically followed procedure I: First write the Schwarzschild’s metric in terms of
the proper distance 2M Rg(7) from the horizon so we have

dr
N

oM (\/f "1V + asinh(y/F — 1))) — oM ( r; ! (r | V7 asinh(vE - U)) (29)

r—1
29MRs = 2M / (28)
1

VvVi—1

Then, since asinh(x)/x is a symmetric analytic function of x, it must have a power series expansion in which only

even powers of & occur. Thus, asinh(v/f — 1)/+/F — 1 must be a power series in (7 —1). Also, clearly \/1+ (7 —1) is a
power series in 7 — 1 and thus Rg/+/7 — 1 is a power series in 7 — 1 and so is (R%/(7 —1). Also, R%/(7 —1) equals 4 in
the limit as 7 goes to 1. By the Lagrange inverse theorem[16], this means that r — 1 can be written as a power series
in R% with a non-zero radius of convergence. Thus (7 — 1)/((7# — 1) + 1) is a function of R% such that near R% = 0
the function will go as R%/4. Thus we can write

7
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where F is a function of R% which goes to a non-zero constant at R% = 0.
Synge thus derived the metric

ds® = 4M*R?, (1(?;242) — 4M*dR% + 4M2R‘§Flg% — r2(d6? + sin(0)?d¢?) (31)
Now define the new coordinates
T = 2M Rg sinh(£/2) (32)
& = 2M Rg cosh(t/2)) (33)
and thus
R = (& —T%)/aM?
and
di _ &dT —Td¢
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We finally have the regular metric
ds® = 4M? [RGF(&dT — Td€)? + dT? — d€” — r(R%)*(d6” + sin(0)*d¢?)] (34)

For 7 < 1
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since this has the same expansion as does the 7 > 1 case. Thus at 7 = 0 we have

€2 —T? = AM?R% = 4M? arcsin(1)? = (7 M)? (36)



where the metric is singular (not least because of the r? angular term) but is regular everywhere else. This is the
Synge form of the Schwarzschild metric, the first of the metric forms whose coordinates cover all of the analytically
extended spacetime (all geodesics either end in a genuine singularity, corresponding to one of the r = 0 singularities,
or extend to infinity.) As can be seen, the route to getting these coordinates is rather convoluted and obscure, even
though the key ideas are simple: define the “radial” coordinate to be the proper distance to the horizon, and then
use procedure I to generate the global coordinates.

This metric has some interesting features. The lines of constant £, 0, ¢, which are spatial coordinates, are not
necessarily timelike lines. For ¢ sufficiently large and 7 sufficiently small, F(R%(7 — 1))é% + 1 can be negative if
r < 2M and thus the line becomes spacelike.

While Synge recognized that these coordinates covered an extended patch of the Schwarzschild spacetime, he went
further and argued that it also represented an extension even to the regime r < 0 of Schwarzschild, apparently not
recognizing that » = 0 was a true singularity of the spacetime — curvature scalars, like R, ,,R""*?, go to infinity
at r = 0. It is true that the metric for » < 0 is an analytic solution to the vacuum, spherically-symmetric Einstein
equations, it is disconnected from the Schwarzschild metric we started from. It is not an analytic extension of the
metric we started from.

B. Fronsdal

The second of the published universal coordinates were by Fronsdal [17] in 1959. They are interesting as Fronsdal
used almost the same technique as did Synge, but hit upon a much simpler choice for the transformed coordinates.

Instead of using the proper distance to the horizon, for his new radial coordinate, he used the dimensionless prefix
to the df? term, (gy/4M?), in the metric as the square of his radial coordinate. The function (#(Rp)) is defined by

R% =4 <1 - i) (37)
. 1
7= ToRA (38)

R% ranges from —oo at 7# =0 to 4 at # = co. Rp is thus imaginary for 0 < # < 1 and real for # > 1 or 0 < R% < 4.
Rp and 7 are simply algebraically related. However, since all of the metric functions are functions of R%, they are all
real. For 7 > 1, we can write

ds? = 4M? <Rfm (4‘3’;)2 R - <(1_R1%/4)4 _ 1> dR2 — ((1—;%#4))2 ((d0)? + sm(o)2(d¢>2))> (39)

The first two terms are just a form of Rindler coordinates, and can be extended past RZ = 0 by the same procedure
as in technique I above.

© = Ry sinh(ﬁ) (40)
Y = Rp cosh(ﬁ) (41)
R} = Y?-0©7 (42)
R%dR% = (YdY — ©dO)? (43)
1
Po= R2 (44)
L=
The expression for 7 is regular for all R < 4. Substituting into ds® we have
ds* = 4M? {d@2 —dY? — ((R% — 8)(RE — 8R% +32)/(R% — 4)*) (YdY — ©d©)? (45)
1 2 2 . 2 2
e 4
(gm0 + sin(er o) (16)
RL = Yv?-0%. (47)

This is regular for all Y, © such that Y2 — ©2 < 4 and is a coordinate system covering all of the maximal extension
of the Schwarzschild metric.



Fronsdal’s interest was in embedding the Schwarzschild metric into a flat spacetime, not in showing that one could
express the metric in universal coordinates: Define

/RF,/ RZR;?J 12 ik, (48)

The argument of the square root is monotonic and greater than 0 for all 7 > 0. We can then write
ds® = 4M? ((d©)* — dY?* — dZ* — di* — #*(d0)* — #*sin(0)*(d¢)?) (49)

which is a six-dimensional flat spacetime (the last three terms are just flat spherical polar coordinates in 3 dimensions).
The relation between [©, Y, Z] and [t, 7] are just embedding functions for the Schwarzschild metric within a flat
spacetime. Furthermore those relations are analytic for all # > 0. This embedding of Schwarzschild in a six-dimensional
flat Minkowski spacetime also gives a global extension which covers, and is regular, over all of the analytically extended
spacetime, since the embedding functions (in particular Z and r as functions of R%) are regular analytic functions for
—o00 < R}, < 4.

C. Kruskal-Szekeres metric

In the mid 1950’s[18], Kruskal found another global embedding. As told me by CW Misner[19], Kruskal mentioned
this to Wheeler at lunch in Princeton one day and wondered whether this might be interesting. Both were spending
much of their time on top-secret work which they could not talk about. General Relativity was a safe topic. Wheeler
wrote the idea into his notebook which he always carried with him, and then forgot about it. In late 57 Finkelstein
sent Misner, then a student of Wheeler’s, a copy of the paper he had written about the one-way membrane (horizon)
of a Schwarzschild solution. Misner showed it to Wheeler, and this reminded Wheeler of the discussion he had had
with Kruskal. He told Finkelstein of Kruskal’s work, and Finkelstein added a “Note added in proof” mentioning
Kruskal’s discovery. A few months later, Kruskal being on sabbatical in Europe, Wheeler wrote up the solution and
sent it to Physical Review Letters with Kruskal listed as the sole author. The first Kruskal knew of this paper he
had supposedly written, was when he received the galley proofs of the paper to approve. He recognized that Wheeler
must have written the paper, but Wheeler refused to be listed as an author. At around the same time, Szekeres had
also independently discovered a similar coordinate transformation.

Szekeres basically followed procedure I to his metric, while Wheeler/Kruskal followed procedure II[20]. Following
Szekeres, the metric can be derived in a similar way to Synge’s: define

d 2
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ds* = 4M? |G(7)(p*a?
where p? is a function of 7, and thus 7 can be taken to be a function of p?. Thus, G = (7 —1)/(?a?p?) can be regarded
as a function of p?, and « is a constant.
This leads to the two equations

o = U = Do g= f;l) (51)
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We want G to be a non-zero, and a non-infinite, analytic function of r, so we need p? o r — 1 as otherwise G is either
0 or infinity at 7 = 1 Solving the second equation for p we have

p= e (P —1)" (53)
P2 — 62047‘(7: o 1)2a (54)

In order that G be regular, we thus need o = 1. Then

QZT:% (55)



and the metric becomes

—_7 2
ds® = 4M? <4672 (p? (5\2) —dp*) — #*(d6* + sin(0)2d¢2)> (56)

with p? a monotonic analytic function of # and thus # an analytic function of p? from p? = —1 to oo. (or r from 0 to
infinity). Defining, for 7 > 1,

t
= p sinh(—— 57
T =p sin (4 ) (57)

t
_ h 58
X = p cosh(-7) (58)

we get the Szekeres form of the metric
ds® = 4M? <46A(d72 — ) — P2 (A6 + sin(9)2d¢>2)> (59)
7

where 7 = 7(p?) = 7(x? — 72). which is an analytic function of x? — 72 from -1 to infinity. Ie, the metric in terms of
7,x is analytic for all values of 7 and x which obey x? — 72 > —1.

There is another way of arriving at the same result, which is the one Wheeler-Kruskal actually followed in the
Kruskal paper, and which follows the Rindler technique II above. Write the null EF metric (Penrose’s form)

ds® = 4M? [(1 = 1) AduZ. ¥ Adiiedi — 7 (d6* + Sin(9)2d¢>2)] (60)
T
with
Gy = t/4M + % (7 + In(7 — 1)) (61)
to give
W(F-1) = iy —a -7 (62)
ds? — AM2 (emﬁf{(dmda) — 72(d6? + sin(9)2d¢2)> (63)
T
and thus
ds* = 4M? (46; (e™diy) (e "~da_) — r*(d> + sin(9)2d¢2)) (64)

Define Uy = +e*%+ and

= (Up +U_)/2 (65)
x=Us-U-)/2 . (66)

and #(U,U_) = #(r? — x?). Inverting the monotonic function (# —1)e” = —U,U_ and {({UT/U_) = In(-U, /U_), we
get The Kruskal-Szekeres metric.

Thus, in this approach, we write the metric using both the advanced and retarded forms of the coordinates. This
creates a metric in which the non-angular terms of the metric are multiplied by 7 — 1. Since the difference between
the advanced and retarded coordinates contains a term proportional to In(r — 1), one can, by exponentiating those
advanced and retarded coordinates, absorb that common factor of # — 1 and create a regular metric at » = 1. (Note
that at » = 2M or # = 1, both the advanced and retarded null coordinates go to infinity, where of course the
exponential function is not regular).

Unfortunately the metric coefficients in either case can only be written as implicit functions of the coordinates,
unlike the case for the Fronsdal metric and some of the other metrics to follow.

It is of course important to emphasize that, as far as I know, none of the authors knew of the above procedures for
the Rindler metric. Their following one of the above procedures is a post-facto characterisation, which is meant to
help the reader follow the various approaches they used. It is frustrating that the Synge approach, and the Szekeres



10

approach, were an almost trivial application of the flat spacetime transformations that Einstein and Rosen[12] had
reported in a footnote of their 1933 paper.

Why did Einstein not notice the similarity between his and Rosen’s transformation of the flat spacetime metric
and Schwarzschild’s metric, and thus discover a set of universal coordinates for Schwarzschild metric? His blindness
may have had to do with his conviction that such coordinate singularities as the Schwarzschild “singularity” and the
accelerated coordinate “singularity” both represented matter sources for the gravitational fields, rather than simply
singular coordinate transformations.

D. Israel and Newman-Pajerski

Israel[21] and later Newman and Pajerski[22] found another global coordinate system, which has an advantage over
the Kruskal form in that the coordinate transformations are explicit (not implicit) functions of the Schwarzschild
coordinates. One of the coordinates is the same as the null coordinate of the Kruskal metric. This coordinate I will
take as U = Uy. (an equivalent one exists for U_)

—i47+In(P—1) —it+7
2 2

U=—c —e2 Vi—1 (67)

while the other coordinate, designated by z is

=TT e (68)

or
7= (1-2U) (69)
i= (m(UZ) +14 zU) (70)

The surface U = const is a null hyper-surface, just as in the SK U, = constant hyper-surface, while z = const is a
timelike hypersurfaces unless z = 0 in which case it is a null hypersurfaces. The metric in these coordinates is

ds?® = 4M? (—4dU2 + 4M
-Uz+1

— (—2U + 1)*(d6* + sin(0)2d¢2)> (71)
This is singular only at zU = 1 which is # = 0. I will call these the IN coordinates. Note that one also obtains regular
coordinates with U = U, and z = U + —e’. which changes the sign of the 4dUdz term in the metric.

The primary advantage of those coordinates is that one can write the metric in the new coordinates explicitly in
terms of these new coordinates themselves. In both of the previous examples, one has to invert a relation between
the new coordinates and 7 which cannot be written explicitly in terms of elementary functions.

Also they illustrate the feature that one can mix and match the coordinates. While the U coordinate is null,
the z coordinate is not null, but rather generically labels a time-like hyper-surface, unless z = 0 in which case the
hypersurface is null..

E. Universal coordinates based on Painleve-Gullstrand coordinates

While the above global coordinates are published coordinates discovered before the 1970’s, the same techniques also
allow us to use the Painlevé-Gullstrand, the Lemaitre, and the original Eddington Finkelstein metrics to define global
coordinates by using the retarded and advanced coordinates to define a global coordinate system. In each case, the
difference between the retarded and advanced times is proportional to In(r — 1) near the horizon, which can be used
to eliminate the » — 1 term in the metric in terms of exponential of that difference.

The second procedure for finding the SK coordinates also allows us to carry out the same procedure for the PG
metric This was of course never done historically, but seems obvious now. Defining the two sets of coordinates by

e =14 <2\/77+1n<£;1>> (72)
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we have
-1 1
ds? = 4M? ((:) dr? + 2\/;dridf — di? — #*(d6* + sin(9)2d¢2)> (73)

In terms of these “times” we have

2 _ of T—1.. 5 2 (7)? -1 2002 1 27,2
ds® = 4M P (dri +dr2) + 7 drydr_ — 7#°(d6” + sin(6)°d¢*) (74)
Defining
Ty = et (m=2)/2 (75)
y=Vi (76)
F:=2x(y+1)*xexp(—2*y)/v* , (77)
we have
ds* = (4AM?)|FdZ d=_ — 4y*dy? (78)
—y*(d6? + sin(0)%dep?) (79)

where #(2;E_) is defined by inverting the first of the equations

_ - y—1 2y

=B =T——¢ 80
m=tg (50)
M (81)

This is again a regular metric everywhere where » > 0 (E1.2_ > —1). It retains the feature of the PG metric
that the surfaces =, = const or Z_ = const are flat spacelike surfaces— i.e., these coordinates foliate the extended
Schwarzschild spacetime with a series of intersecting flat spatial slices.

Also in this case the new coordinates, Z4, are not null coordinates, but rather are both timelike coordinates.

F. Based on Lemaitre coordinates

In the last section we defined the Painlevé-Gullstrand coordinates for which

“ +Vr
df = 2M (dry — \/idf

) (82)

with the radial coordinate,?, the same as for Schwarzschild.
The Lemaitre coordinates have the same 7 temporal coordinates, but change the the “radial” coordinates to be

2
oL =74k gx/7§ (83)
where we take the same sign for each of the £. Then the Lemaitre metric becomes

ds® = 4M? (dri — idoi — 72 (df? + sin(6)2d¢2)> (84)
\/;

Note that in the both the + forms of the Lemaitre metric, there seem to be no singular terms in the metric except
at r = 0. However, if one calculates the the opposite (outgoing for the ingoing +-type coordinate, or ingoing for the
—-type coordinates) type timelike geodesics, they do not extend through its horizon. Instead the time coordinate
goes to plus or minus infinity. For example, for the opposite o coordinate constant, its 7 is logarithmically singular
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at # — 1. For example in 71, o4 coordinates, the geodesic defined by o_ constant geodesic has its proper time 7_
diverge logarithmically near # = 1. For both cases (PG and Lemaitre) we have

% = 2V — In(# — 1) + 2In(V7 + 1) (85)
or
i NG
=T e
e~z =(rr—-1) —mm—— 86
e () o
Defining
e
TL=*de 2 (87)
we have
ds* = AM? (—(T2dT3 + T2dT2) + dT,dT_ — r?(df> + sin(0)d¢?)) (88)
- i
S A (89)

(Vi +1)2

The surfaces with T4 or T_ equal to a constant are spacelike surfaces (except they are null along along the horizon).
In keeping with the Painlevé-Gullstrand metrics, these surfaces are also flat spatial surfaces, i.e., these coordinates
foliate the complete Schwarzschild metric into flat spatial hypersurfaces for two of the coordinates.

For the Lemaitre metric, if we use 74, we get exactly the same global coordinates as for the above Painlevé-
Gullstrand metric. However, we can also instead use the exponential of the o4 coordinates to cover the complete
Schwarzschild metric to get a different global system.

The times 74 are precisely the same times as defined for the Painlevé-Gullstrand metric, and are the proper time
along a freely falling geodesic which starts with zero velocity at infinity. o4+ =constant label those geodesics. We can
define the exponential of the retarded and advanced o

Yy =exp (; <§(f)3+\/?+ln<£;>i(f))> (90)

from which we find

» ~
i = ¢ (92)
and the metric becomes
NS ~
ds® = 4M? <e—§<7">2 VIV +1)2(52d52 + 52452 — 2dS_dY, ) — #2(d6° + sin(9)2d¢2)) (93)

where 7 is the inverse of the expression for ;¥ _ in terms of #. As in SK coordinates there is no explicit function
of 7 in terms of the coordinates ¥1. Also, the surfaces of either ¥ or ¥_ constant are timelike surfaces and the
lines in those surfaces of § and ¢ constant are time-like geodesics (except when ¥+ = 0 when they are null geodesics).
Le., two of the coordinate surfaces are ruled by timelike geodesics in the full spacetime. Clearly the signature of the
metric has not been changed by a coordinate transformation, so cotangent vectors corresponding to these coordinate
¥4 cannot be orthogonal.

G. Based on Original Eddington-Finkelstein coordinates

Finally, we can use the original Eddington-Finkelstein coordinates to define global coordinates by

Ty — 4t 0nG—DEd (T Teth) (94)
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or

to give

ds? = 4M? < (TJ;I(deTZ +T2dT2) + L(df_dﬁ) + (14 T_T,)(d6? + sin(9)2d¢2)) (97)
I will call these the OEF coordinates.

This global metric shares with the IN metric the feature that the metric in these new coordinates can be explicitly
written as elementary functions of the new coordinates. One does not have to solve an implicit equation for 7 in terms
of the new coordinates. It is also the simplest coordinate transformation which gives a global coordinate system,
although the final metric does not take as neat a form as for the SK coordinates. The surfaces T_ or Ty constant are
spacelike everywhere except at r=2M where they become null.

Had Eddington realized what he had in his coordinates, 30 years of confusion about the Schwarzschild metric and the
“Schwarzschild singularity” might well have been alleviated, although the double spacelike nature of these coordinates
could well have confused many, just as the fact that r becomes a timelike coordinate for 7+ < 1 has led to much nonsense
being written about the Schwarzschild metric. That coordinates are arbitrary labels for spacetime points and have no
physical significance in and of themselves is a lesson Einstein learned early (see his response to Painlevé[2]), but is one
which has continued to confuse the unwary ever since. This includes Einstein himself as evidenced by his blindness
in the Einstein-Rosen paper and in his confusion over the physical significance of the Schwarzschild “singularity” [23].
In the deSitter case he seems to have regarded the horizons as locations of two-dimensional spatial distributions of
matter, and seems to have transferred this idea to the Schwarzschild horizon as well. Note that such blindness to the
import of one’s own discoveries is not unusual in physics. We today laud Galileo for his realisation of the importance
of what we now call Galilean invariance[24]. This implies that the rules of motion remains the same if examined from
a uniformly moving frame. But, in the same book where he discusses Galilean invariance, he advanced a theory of
the tides that relied precisely on the fact that diurnally, due to the earth’s rotation, the surface of the earth moves
with and against the motion of the earth around the sun[25]. For him it was this difference in motion that causes the
tides. He forgot about Galilean invariance in his own explanation of the tides.

II. RELATIONS BETWEEN COORDINATES

Since the SK coordinates have become a standard coordinate system for covering all of Schwarzschild spacetime,
let us compare the other coordinate systems to the SK coordinates graphically.
The have the relationship

Us = +VF — le3"*air (98)
If one has another coordinate
W,y = +V7 — 1N+ (99)

for some regular function N(7) for # > 0 then one can express the surfaces of constant W, by solving this equation
for et/*M to give

W R
el/AM — 77?1_ 167N(T) (100)

to give
Uy = Weed™ NOU_ = W (7 — 1)e2" TN (101)
This can be converted to Szekeres coordinates by using

T=(Us +U-)/2x = (Us —U-)/2 (102)
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If it is W_ constant surfaces which we want to plot, we follow the same procedure solving for e’ﬁ,

Similarly if or coordinate is L = (W, +W_)/2 whose constant surface we want in 7, £ coordinates, then sinh(¢/4M) =
LeN™ from which we can determine et/*™ and proceed as before.

Let us first look at the generalized PG coordinates axes in the SK coordinates. The extended PG coordinate
surfaces of constant =1 will be plotted in SK coordinates. Using the SK coordinates U =7 — xy and V = 7 + x we
have

= ;U
+ t +
— o= 103
= T U (103)
Vi—1 4z
E B = ———e?VF 104
* Vi+1 (104)
Uv = (#—1)e" (105)

That is =4 =_is a function of U}, U_ given parametrically by the last two equations.
This procedure is generic. In general we can write

Wy =Upe!® (106)
W_=U_e' (107)

and thus if we want to determine the curve for W, constant, in terms of the Kruskal null coordinates we have

Uy = Woel® (108)

—(r—1)e"
U= —FF"-"— 109
i (109)

or if we are giving W_ constant, we have

U.=W_e!® (110)

—(r—=1)e"
Uy = 111
+ il (111)

and from that, the curves for W or W_ in terms or
P (Ut U2% X = (Us— U2 (112)

can be plotted.

Applying this to the PG coordinates ,=., Figure 1 shows the spacelike hypersurfaces for constant £, and =_ for
a few values of each.

Note that as # — oo, both =4 and Z_ (for suitable intervals of these coordinates) asymptote to the same line in
the UV plane. Le., the =, ,=_ coordinates become degenerate as r — oo although this is not obvious in the diagram.

Let us now plot the Synge coordinates in the SK coordinates. I will take units such that 20 = 1 for these plots
(since one has to choose some value for it to evaluate the plots, and 1 is as good as any). The surfaces of constant
Synge time T are given in terms of the SK coordinates parametrically by

V+U Te?
2 (T) B \/;‘F asinh(v/T—1) (113)
Vi-1
- 1% ? i
V-Uiry - TUN - e (114)
2 2
where 7 must be large enough that V;U is real.

The £ coordinate constant surfaces are given by

Vol -t
2 B \/? + asinh(y/r—1)

=T
VU = i\/((V_U)> — (= 1)er (116)

(115)

2
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FIG. 1: The = constant coordinate surfaces in the Kruskal coordinates. Each of those surfaces is a flat spatial slice. All begin
at the # = 0 singularity and go out to infinity. Note that both the =4 and the =_ constant surfaces are spatial surfaces.

where the parameter 7 is chosen small enough so that %(f) is real.

In each of the plots below we will follow a similar procedure. We have the expressions for the coordinates in the
various coordinate systems as functions of ¢ and r. To find the surfaces of constant new coordinate in terms of the
the Szekeres 7, x, we solve the equation for the constant new coordinate for ¢ (or usually e!/? as a function of r and
the new constant coordinate. We can then plug into the expressions for 7, x, or U,V to obtain them as a parametric
expression as a function of r and the constant coordinate, just as we did above for the PG coordinates =.

In figure 2 we have the plot of the T" and £ constant surfaces of the Synge metric plotted in the SK coordinate
system.

Lemaitre’s original coordinates are interesting because they look, at first, as though they are regular coordinates
that already cover the whole spacetime. The metric

ds® = 4M? <dT2 - ﬁdﬁ — (o — t)*(db? — sin(9)2d¢2)) (117)

looks regular everywhere except at » = 0 or ¢t = ¢. But if we look at the null geodesics

1
do 3

g fﬁ-@:i(i@;-ﬂ) (118)

we find for the + sign, taking z = o — 7 that

dz _ 4 (3> 4 (119)
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FIG. 2: The T, constant Synge coordinate surfaces plotted in Kruskal coordinates. Note that while the T =constant hy-
persurfaces are spacelike hypersurfaces, the ¢ constant ones are not everywhere timelike. In particular, near and within the
horizon these surface become spacelike for large enough values of £.

The RHS goes to 0 when z = % and 7 goes to oo if we take the + sign in the equation for z. The null geodesics coming
out of the black hole come from 7 — —oco. Had one taken the other solution ( with 7 — —7) for the Lemaitre metric,
it would be the ingoing null geodesics which would have terminated at # = 1, i.e., again the Lemaitre coordinates
cover only a part of the complete spacetime. The extended Lemaitre coordinates (21) do cover the whole of the
spacetime. See figure 3 for a plot of the extended Lemaitre coordinates.

From the two figures of the extended PG coordinates and the extended Lemaitre coordinates, we can see the
problem with the original Lemaitre coordinates. The latter are essentially using the =_ defined as the extended
Lemaitre coordinates and the X_ which is one of the extended PG coordinates. The problem with these coordinate
is they become degenerate along the past horizon, where both are equal to zero. These coordinates ( and the original
Lemaitre coordinates which are the logarithm of these coordinates) do not cover the past horizon. However, if we
choose, for example, the X, and the =Z_ coordinates, these do cover the whole of the extended spacetime, with no

degeneracies. We have

Y E. = Ee\ﬁ‘(%”l) (120)
Vi+1
T TOR (121)

—
—

or

z, | =

(¢;+ 1)) gi = e =2 (122)
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(123)

to give

ds? = 402 (M [(ﬁ +1)e”F/BTIVEE2 g2 02 422 ) 4 4d5_dz+} — P2(d6? + sin(9)2d¢2)> (124)
This shares the feature with the original Lemaitre coordinates that each of the ¥, =constant hypersurfaces have
flat three-dimensional spatial metrics, while each of the =, 0, ¢ constant lines are timelike geodesics which have zero
velocity at infinity. Unlike the original Lemaitre coordinates however, they cover the whole of the analytic extension
of Schwarzschild spacetime. They are thus just as simply married to the flat Robertson Walker dust universe model
as were the original Lemaitre coordinates. This was the reason why Lemaitre. introduced his coordinates.

Using the Fronsdal coordinates ©,Y we plot in figure 4 the ©® =constant and the Y =constant hypersurfaces.
Note that the ©® =constant hypersurfaces do not run into the r = 0 singularity. On the other hand, all of the Y
constant lines originate and end at the same T'= +1, £ = 0 points on the r = 0 singularity for all values of Y. The
Y =constant lines are timelike for certain values of Y < 2 and only for certain values of ©. Thus the Y coordinate
in these “Fronsdal” coordinates is very badly behaved near the r = 0 singularity, while the ©® =const. coordinate
surfaces are nicely behaved.

In figure 5, we have plotted the Israel-Newman coordinates. The U coordinate is identical to the U coordinate of
the SK metric, but the z coordinate is a spacelike coordinate except along the past horizon, where it is null.

Finally, in figure 6 we have the global coordinates obtained by taking the original “advanced and retarded”
Eddington-Finkelstein time coordinates and exponentiating them to make the horizon regular. The coordinates
go to infinity along the horizon, and exponentiation brings them back to a finite value. These form a pair of spacelike
hypersurfaces (except again along the horizons where these coordinates become null.)

It would of course be possible to generate an infinite number of global coordinates. We could mix and match, as
we did for the EF and SK metrics, choosing features that we might find useful. As coordinates are there for the
convenience of the physicists, we are always free to choose the coordinates as we wish, usually to make some feature
of the solution more easily expressed in the chosen coordinates. Of course they may well hide other features of the
solutions.

The arbitrariness of the coordinates is one of the hardest lessons for students of General Relativity to learn. We
have so long indoctrinated them on the use of say Cartesian, or more daringly, polar coordinates, that they come to
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FIG. 4: The © and Y constant hypersurfaces for the Fronsdal embedding of Schwarzschild into a flat 6-dimensional spacetime,
While the Y constant coordinates seem to hit the » = 0 singularity at various points, those surfaces actually skirt (as spacelike
surfaces) extremely close to the singularity before finally all hitting it at the same point.

believe that the coordinates carry meaning. While one can sometimes choose them so that they do carry physical
meaning (e.g., the Lemaitre timelike coordinates which make solving easily the geodesic equations for a body freely
falling from rest at infinity) but that choice is entirely up to the whim or insight of the particular physicist. For a
long time, in students’ studies of General Relativity, this arbitrariness makes them feel as though they are afloat on
a turbulent sea, with no firm ground to stand on in describing their favourite metrics. But it is also important that
they learn to embrace the freedom that the coordinate choice presents to them for adapting the coordinates to the
problem at hand, but at the same time always to remember to ask physical, not coordinate-dependent, questions of
the theory.

To close off, there is also another lesson hidden in the above. In the Eddington-Finkelstein-Kerr-Schild form of the
spherically symmetric metric,

ds® = AM? (f(u,?)du® + du® + 2dud? — 7 (d6)* + sin(0)?(d¢)?)) (125)

the only non-trivial solution for f is some constant over 7, as Einstein’s equations for f are linear. There is no
non-linearity (except that arising from the spherical polar coordinates), which makes the self-gravitating feature of
the gravitational field seem non-existent. Gravity does not self-gravitate in these coordinates. The self-gravitational
features of the field are a coordinate-dependent aspect of the theory. Ensuring that one’s students become, if not
comfortable, at least not horrified by this apparently amorphous character of General Relativity is a crucial aspect
of teaching them the field. And seeing the variety of solutions one can find in the simple case of the spherically
symmetric situation is perhaps one possible road to at least habituating them to that critical characteristic of the
theory.
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FIG. 5: The global U and z coordinates defined by the Israel-Newman metric coordinates. The z constant hypersurfaces are
spacelike while the constant U slices are the same as for the SK coordinates..
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FIG. 6: The T4 coordinates, which are the exponentials of the advanced and retarded times as defined in the original Eddington
and Finkelstein papers. These were non-null timelike coordinates. As with the IN coordinates, one of their advantages is that
the metric and the coordinate transformations can be written as explicit functions of the coordinates, unlike the Kruskal
coordinates for which the metric in the U, V' coordinates is an implicit, parametric function of the coordinates ¢, 7.
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