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78 W. G. DIXON
The first of these follows from the second by (3.10). So since we also have
Lyo*, =0,L, 0%, (3.24)
it follows that (3.22) will hold provided
Lyo* = A%0%, + Aok, — o#V A% = 0. (3.25)

We can choose A# and V,A* arbitrarily as they are independent of x, and then solve (3.25) for
A%(z, x) for all x & z. On using (3.10), we obtain A* = £%, where

£(z,x) : = K% A% + H* o) B (3.26)

and 4%(z), B<(z) are arbitrary tensor fields. For each fixed choice of z, this gives a 20-parameter
family of vector fields which was seen, in § 3 of I, to include all the Killing vectors of the manifold,
as is to be expected from the geometrical interpretation of (3.25). Note that unless 4« = 0, £
does not satisfy (3.20), so that neither one of (3.18) and (3.22) necessarily implies the other.

From (3.11), (3.21) and (3.26) we see that the coordinate expression for L, @ is given by

L@y, = A0V @y o+ BIX, Vi 5y 4 B Oy o= By @, = (3.27)

Taken together with (2.26) and (2.27), this shows that L, commutes with Fourier transformation
provided
B(Kﬂ) = 0. (3.28)

4, GENERATING FUNCTIONS FOR THE REDUGED MOMENTS

Having considered the mathematical techniques that we shall need to handle tensor fields
on TM over 7, we now introduce the important fields of this type that play a central role in the
theory. These are the generating functions for the moments of 7%# and J*. We first give the sym-
metry and orthogonality properties that we shall require of the moments, without inquiring too
closely how they are to be related to the corresponding fields. From the moments we construct
the generating functions, and then we investigate the properties possessed by these functions in
virtue of the imposed conditions. Only after this shall we consider how to relate the moments to
the fields. For the initial stages our guideline will be the results obtained in II for the simpler case
of J=.

We first choose a base line /. This is an arbitrary C* timelike world line which may be considered
as representing an observer, and it provides the (moving) origin to which the moments are re-
ferred. Additionally, we choose an arbitrary C*® field n* of timelike unit vectors along /, which is
to be the instantaneous four-velocity of the reference frame used in constructing the moments.
It may seem most natural to choose z* tangent to /, but for reasons discussed in I there are con-
siderable advantages to be gained by having »* arbitrary. We parametrize / as z*(s), so that in-
dices k, A, ... are used for tensors along /, and x* is used as an arbitrary field point. It is also
convenient not to insist that s be the proper time along /, so that the velocity vector v*: = dz*/ds
is not necessarily a unit vector. Later, we shall see that the most natural condition on s is to take
n vt = 1, but for the present we also leave s arbitrary.

First consider J*. In any set of moments of J* in the sense defined in II, the 27-pole moment

tensor mM1- At (s) satisfies
mAL At = m(/\l.../\n),u, for n> 2. (41)
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To discuss general properties of tensor symmetries, we shall use the representation theory of the
symmetric group as expressed, for example, in Weyl (1946). We write [n,,n,,...,7n,], where
ny > ny > ... = n, to denote the irreducible symmetry described by the Young diagram of the
partition (7, 7y, ...,7,). Then ifn > 1, (4.1) corresponds to the reducible symmetry

[n]®[1] = [n, 1]®[rn+1], (4.2)
where the parts with symmetries [z, 1] and [z + 1] may be taken as
mhie -1l and  mAae A (4 3)

respectively. It was shown in II that the appropriate additional conditions to impose to obtain
the reduced moments of J* when (1.31) is satisfied are

mt-tm) =0 for nz1 (4.4)

and ny mita-nsl = 0 for n > 2. (4.5)
Condition (4.4) gives m- the irreducible symmetry [, 1], while (4.5) gives

ny, mis Akt (4.6)

the irreducible symmetry [#], i.e. makes it totally symmetric.
We now use this as a guide to suggest appropriate conditions for the moments of 7%/, In
any set of moments of 7%4, the 2"-pole moment tensor should satisfy

TMeAapy = Q12 wv) for n > 0. (4.7)

If n = 0, this is already irreducible, while if » = 1 it has the reducible symmetry

[1]e[2] =[2, 1]&[3]. (4.8)
But for the general case # > 2, it has the symmetry
[r]®[2] = [n, 2] ®[n+1,1]D[n+2]. (4.9)

Analogy with J% suggests that we require the [z + 2] part to vanish for n > 1, and the [+ 1, 1]
part also to vanish when n > 2. This leaves the moments of all orders with irreducible symmetries,
namely [n, 2] for n > 2 and [2, 1] for n = 1, and is achieved by requiring

IO = 0, (4.10)

and It 2amv =0 for n>z 2. (4.11)
Now it follows from (4.7) and (4.11) that

Pisdni = 0 if n > 2. (4.12)

Hence WL T (4.13)

for n > 2, has the reducible symmetry [n—1,2]®[n, 1], as (4.12) gives the vanishing of the
[7+ 1] part which it would also have had if only (4.7) were satisfied. Again by analogy with the
case for J#, we impose the vanishing of the [z — 1, 2] part of (4.13) by requiring

fp [haednedhumalni = 0 for n > 3, (4.14)

leaving (4.13) with the irreducible symmetry [z, 1]. No orthogonality condition is imposed on
I as my I*# is already irreducible.
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The plausibility of these conditions is increased by the fact that for a flat spacetime in which
we choose #* = ¢4, they are satisfied by the reduced moments obtained by Dixon (1967) by
performing the reduction process explicitly. Their real justification, however, is simply that we
shall see that they work. For the moment they are just a hypothesis that we shall investigate.

The corresponding moment generating functions are tensor fields on 7'M over 7, although
they are defined only on the portion of 7'M over the base line /. They are defined by

. 0 (_i)n
WA (s, k) = B =k .ok, mad(s) (4.15)
n=0 1! n
and (s k) : = S (_n:)nkkl...kKnI“1~-“nM(s) (4.16)
n=0

so that J** is symmetric. The conditions (4.1) and (4.7) are then precisely those necessary for
the generating functions to uniquely determine the moments. The additional condition (4.4) is

equivalent to
k/\mA :k/\m/\, (4:.17)
while (4.11) is similarly equivalent to

kI = ky T ik ky I, (4.18)

leaving (4.10) as the only remaining symmetry condition needing separate consideration.
To express the orthogonality conditions (4.5) and (4.14) in terms of the generating functions,
it is convenient to refer the tensors to an orthonormal tetrad system ¢*(s) defined along / in
K

which ¢X(s) = n(s). Equalities holding only with this spécial choice of basis will be denoted by =.
. .

It is then easily seen that (4.5) and (4.14) are respectively equivalent to Vi, and Vit 1]

being independent of £°. We are here using the notation (2.16) and writing V.t = V, Vg,
for repeated derivatives.

We now use this to investigate the k°-dependence of /#* and I*# themselves, starting first
with 7. On multiplying (4.4) by n, n,, and using (4.1) and (4.5), we obtain

my Mp mirtnt =0 for n > 2, (4.19)
and hence from (4.15) that (s, k) £ A(s, k) + kOB (s, k), (4.20)

where k: = (k', k%, k%), for suitable functions A% and B independent of k% The requirement that
Vi, be independent of £° is then equivalent to

Vi By =0, (4.21)

and thus to the existence of a scalar function B(s, £) such that
B,=V,,B. (4.22)
But from (4.17) and (4.20) we see that B, Z 0. Hence by (4.22), B is independent of £, so that
iy (s, k) = Ay (s, k) +k°V 4y B(s, k), (4.23)

a result derived in IT by a different method.
To obtain the analogous result for I A we first deduce from (4.14) and the symmetry con-

ditions that
g It =0 i 0 > 38, (4.24)
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and hence from (4.16) that 7+ can be expressed in the form
Io(s, k) & Awv(s, k) + KB (s, k) + (k)2 C¥ (s, k). (4.25)
The independence of V., 7 1, from £9 is equivalent to

VitarCuy1 = 0 (4.26)

£
and Vatta B + 200 Van C oy + 200 Vi € g = 0, (4.27)

vip

while (4.26) itselfis equivalent to the existence of a C, such that
C/w = V*(,u CV)' (4.28)

Since C,, is independent of &% by first considering u, v = 1,2,3, we can solve (4.28) for a
C, (v = 1, 2, 3) which is independent of £°. Now it follows from (4.18) and (4.25) that C,, = 0.
Together with (4.28), this shows that we can then choose C;, = 0.

Letus put

D,, = Vyu,C,. (4.29)

Then D,, = 0 also, and (4.27) can be written as
Vatr Buan+ 0%V au Dy, + 03 Vi Doy 0. (4.30)
On putting # = 0 in this, we get V. (Vi B,j0—D,,) Zo. (4.31)
Now the (k%)2terms in (4.18) give  B,o+4k*C,, = —ily, (4.32)
from which Vi Boio+ 364V, Dy, Lo. (4.33)

Since D,, = 0, and since the integration of (4.28) for C, leaves an arbitrary constant in D,

which is restricted only by D,, = 0, we see from (4.31) and (4.33) that we may choose C, in
4.

(4.28) so that kY, D,, +2D,, = 0. (4.34)

Consider this along the ray £* = ua? through the origin in 7, (M), where @ is constant and
is a parameter. It gives «*D,, constant along the ray, and since D,, is not singular at the origin,
we must have D,, = 0. Hence from (4.29) there exists a scalar C(s, k) such that

C)( — V*AC. (4.35)

Since €, = 0, Cis also independent of £°. The last two terms on the left hand side of (4.30) now
vanish, so that there exists a B, such that

B,, = VB, (4.36)

We again consider first only p, v = 1, 2, 3, and so solve for a B,(v = 1, 2, 3) which isindependent
of k°. In this case we have from (4.32), (4.28) and (4.35) that

By, =V, (C— k¥, C —ilyg, k¥). (4.37)

We can thus choose By = 2(C—knVy,C—ily, k"), (4.38)
which is also independent of £° by (4.10). We thus finally obtain I in the form

I/w(s! k) i A/tv+k0v*(/¢Bv)+ (ko)zv*/wC’ (439)

where 4,,, B, and C are all independent of £°.

pvs
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5. GENERATING FUNCTIONALS

The next step is to associate a distribution (generalized function) with each of the two genera-
ting functions. These will be functionals defined on a space of C* tensorial test functions on 7TM
over 7, of the appropriate type and having compact support. For conciseness, we shall in future
take ‘test’ to imply ‘of class C* and compact support’. Then if £, and E,, = E,, are such test
functions, and their Fourier transforms £, and £, . are defined as in (2.25), we put

m[Ey]: = (2m)~4 [ ds [#r(s, k) E\(2(s), k) Dk (5.1)
and I[E,,]: = (2m)~4 [ ds [ I'(s, k) E),(2(s), k) Dk. (5.2)

To ensure the absolute convergence of these k-space integrations, we assume that for fixed s,
#A(s, k) and I*#(s, k) diverge as k — oo no faster than a polynomial in £. It was shown in §3 of II
that these functionals then uniquely determine the corresponding generating functions.

On using (2.27), we can express (4.17) and (4.18) as relations on these functionals. If Q and
£, are respectively a scalar and vector test function on TM over 7, and we take

E)L = V*/l!“)> E/\/t = V*(/\Q,u) (53)
in (5.1) and (5.2), we obtain  m[E,] = [dsm’(s) Ey(2(s), 0) (5.4)
and I[E),] = [ ds[I*(s) E) (2, 0) + IV . E) (2, 0)]. (5.5)

The validity of these for all 2 and 2, is precisely equivalentto (4.17) and (4.18).

The relations (4.23) and (4.39) also have their consequences for the functionals. Consider
the £-space integral in (5.1) for a fixed value of s. Then it was shown in §5 of IT that (4.23) limits
the dependence of this integral on £, (z, X) to the value of

E, and V,,(XE)) onthesurface n,(s)X*=0. (5.6)

The same method shows that (4.39) similarly limits the dependence of the corresponding
integral in (5.2) to the value of

E., Ve X'E,) and Vi, (X<X'E,) on mX*=0. (5.7)

Let 5(s) denote the hyperplane n,(s) X* = 0 in Ty, (M), and put 2: = U,2(s) = TM.
Then (5.6) and (5.7) show that the support 8 of either of these functionals lies in 5. We now make
two further assumptions. The first is that § also lies in the domain N of TM on which 8, defined by
(8.1), is a diffeomorphism. Then $(s) : = Exp (§'n ) (s)) is a portion of the hypersurface formed by
all geodesics through z(s) orthogonal to n1(s). The second assumption we make is that the hyper-
surfaces S(s) © M are all disjoint. Then Exp maps § diffeomorphically onto its image

S:=US(s) in M,

which will be a world tube containing the base line /.
We can now begin to see the link between the moments and the tensor fields J* and 7% which
they are to represent. These too have equivalent functionals, namely

Po > (J% oyt = [Fg, dx (5.8)
and ¢zx/9 - <Taﬂ, ¢a/5‘>: = fﬂ:"‘ﬂqﬁaﬁ d4x, (5’9)
where e =Ju(—g), TH:=T"J(-g), v (5.10)
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and ¢, and ¢,; = ¢, are tensorial test functions on M. The conservation equations (1.31) and
(1.32) can then be expressed as
5V 9 =0, }

< Taﬂ’ V(a ’/’,9)> = <Ja, Fﬁac ¢ﬂ>a

for all scalar and vector test functions ¢ and ¢, respectively. These are reminiscent of (5.4) and
(6.5) in so far as both are special cases applicable when the test functions are derivatives of the
appropriate type. The moments will ultimately be defined by expressing the functionals (5.8)
and (5.9) in terms of m and I in such a way that verifying the relations (5.11) involves evaluating
m and [ only for the special cases (5.4) and (5.5). In this way the conservation laws will lead to
restrictions only on m?, I*# and 1“2, These will give the equation of conservation of total charge
and the required equations of motion for the momentum and angular momentum.

To this end we need to relate the E, and E, , of (5.1) and (5.2) to ordinary tensor fields on M,
but we note that this need only be done in the neighbourhood of § « TM. It is necessary to
consider the immediate neighbourhood of S, rather than just § itself, as (5.6) and (5.7) show
that we also need certain derivatives of £, and E,, on §. Now since § = N, we already have

(5.11)

found in §3 a method of associating bitensors with E, and E, , around S; we can put
e,: = Exp E, and e, =Exp E,, (5.12)

in accordance with (3.13) and (3.14). It is not yet clear what to do about the z-dependence of
these fields, which have scalar character at z, but itis clearly a step in the right direction. We shall
deal later with this problem of the z-dependence; for the moment we shall investigate properties
of mand Iif we consider them as functionals of ¢, and ¢,; instead of as functionals of £, and E, .
Before proceeding, we should note a possible ambiguity. An obvious alternative to (5.12) is to
take
¢*: = Exp (FE, e*: = Exp, E\. (5.13)

We see from (3.15) that (5.12) and (5.13) are not equivalent, and it is not yet clear which is the
best definition to adopt. In order to leave our options open, so as to make the best choice in the
light of subsequent developments, we shall for the time being make a more general assumption.
Let us put x = Exp X and take

ea(SS x) ¢ = le.\aaE/\(z(S)’ X)
and Cap($, %) = Zz’.\uZ2’.‘ﬂEA,¢<Z(3)>X)’}

leaving the bitensors Z; and Z, unspecified. From this and (3.15), we see that (5.12) and (5.13)
correspond to taking the appropriate Z as — o, and H;* respectively. We shall need to suppose
that both bitensors satisfy

(5.14)

22 0%(z,x) = — oMz, x). (5.15)

This is satisfied by both these choices, and also by the parallel propagator g4,, which is another
reasonable candidate for Z*,. From (5.14), (5.15), (3.7) and (3.11), we see that the dependence
expressed in (5.6) and (5.7) for some fixed s now becomes one on the values of

ews Vo(0Pey), enp V,(0Pe,), V,(0%0fe,;) for xeS(s). (5.16)

a’

As with the notation Exp, and Exp+, it is convenient to have a concise notation for relations
such as (5.14). If P2~ is a tensor field on 7'M over 7, and if a bitensor p*-, satisfies

P“mﬁ...(z’ x) =z Zli"‘ Ve Zl’u/g . PA“',a. (Z, X)

II Vol. 277. A.


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on March 12, 2013

84 W.G. DIXON

in some region R < ¢(N), we shall write
p=2Z,(P) in R, P=2p) in &YR).

In (5.14), the bitensors ¢, and e,; are only defined when their first argument point ze/l.
They are thus more properly regarded as fields on ! x M rather than on M x M. This distinction
is of little significance, but we shall later need to discuss functions defined in ‘a neighbourhood of
8(8)’. Since 8(8) < Ix M = M x M, and the open sets of [ x M are not open in M x M, these
neighbourhoods will differ accordingly as §(J) is considered as a surface in / x M or in M x M.
We shall generally leave this to be deduced from the context, to save a further addition to the
notation. It is also convenient to consider S(s) both as a surface in M and as the surface

{(z(s),%); xeS(s)} of IxM,

so that we can unambiguously refer to ¢, on S(s) without having to additionally specify that
the first argument of ¢, is also s. With these conventions, § = U,S(s) qua subsets of M, while
8(8) = U,S(s) qua subsets of [ x M.

We can now make a connexion with ordinary tensor fields on M. Since the hypersurfaces
S(s) are disjoint, there is a well defined C* scalar function 7(x) on S given by

T(x) =s if xeS(s). (5.17)

Then the values of ¢, and ¢, 5 0n & (S) are determined by the C* tensor fields

Pa(x) 1 = e,(7(x), %), Pap(x): = e,p(7(x), %) (5.18)
onS < M.

A knowledge of these tensor fields alone is in general not sufficient to determine m[E,] and
I[E,,], because of the occurrence of the derivative terms in (5.16). However, there are special
classes of fields £, and £, , for which this is enough. The simplest of these is if

o%,=0 and ofe,, =0 (5.19)
in the neighbourhood of &(S), which makes the derivative terms in (5.16) all vanish. This is
assured from the definitions of ¢, and ¢, if

X'E, =0 and X‘E,, =0 (5.20)
identically. For such E, and E,,, m[E,] and I[E, ] can thus be considered as functionals of the
tensor fields ¢, and ¢,,. This is clearly another step towards relating m and [ to the functionals
(5.8) and (5.9), but since the class of allowed fields £, and E,, is being restricted, we need to

investigate to what extent are the moments determined by m and  when they are restricted to such
fields. Now it was shown in § 6 of I1 that XAE, = 0if and only if £, has the form

E/\ = X'“H/u\s H,u]l = [{[/L)t]’ (521)
for a suitable tensorial test function #,, on T'M over 7. The same method shows that X*E, , = 0

if and only if E, , has the similar form
E,=XXH,,,, Houw=Huum Hapw =0 (5.22)
These tensors H__have the irreducible symmetries [1, 1] and [2, 2] respectively.
From these forms we see that
E,=0, E,=0, Vy£E,=0 when Xr=0, (5.23)
Now the contributions to m[E,] from m?, and to I[E},,] from I** and I**#, are given by the right
hand sides of (5.4) and (5.5) for any E, and E, . From (5.23) we thus see that these contributions


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on March 12, 2013

EXTENDED BODIES IN GENERAL RELATIVITY. IIL 85

vanish when (5.20) is satisfied, and hence the restricted forms of m and I discussed above can
give no information about these low-order moments. They do, however, enable all the higher
moments to be determined completely. To see this, we take the Fourier transforms of (5.21)
and (5.22) togive

BN = iV, Hi, B = —V, b, (5.24)

On putting these into (5.1) and (5.2) we obtain
m[Ey] = (2m) i [ ds [ Vi, H Dk (5.25)
and I[Ey,] = — (2m)~4 [ ds [ V g, L0 n B DE. (5.26)
Let Quals, k) = iV, and T (58) = = Vg D (5.27)

These have exactly the same symmetries as the H’s of (5.21) and (5.22). Since the H’s are tensorial
test functions which are arbitrary apart from their symmetry requirements, we thus see from
(5.25) and (5.26) that Q, . and J,,,, are completely determined by these functionals of the H’s
From (4.15) and (4.16), we obtain

8

53 0
Q/\/L = 17,%[) n') k< k nQ’ﬁn-Kn/\/l (528)
o
and Aprp = n§0 = ke k nJKl‘--Kn/\/“’P’ (5.29)
where le...Kn/\/l/: = My, kgl (5°30)
and J/q...kn/\/wp: = IKI...Kn[/\[V/L]p] (5°31)
for n > 0. As a consequence of (4.1), (4.4), (4.7), and (4.11), the @’s and J’s satisfy
le..,Kn/\,u = Q(Kl.“Kn)[i\ﬂ] for n> 0:} (5.32)
QKI‘..Kn_l[Kn/\,/IJ =0 for n> 13
and JKI..‘Kn)(,qu == "I(Kl...Kn) [Apllvpl for n> 0, } (5 33)
JKI...Kn/\[[LVp] =0 for n> 0, JKI... kp—ilkp Aulvp = 0 for n> 1,
and on using these, we can invert (5.30) and (5.31) to give
mru-tnt = [2nf(n+1)] QUu-wr for n > 1, (5.34)
and Pt = [4(n—1)[(n+1)] JQtn-alePd vy for  p > 2, (5.35)
Since Q, .and J,,,, determine all the @~’s and J~’s, we thus see that they determine completely

the m’s and I’s given in (5.34) and (5.35) as required.

The conditions (5.32) and (5.33) are the symmetries corresponding to [#+ 1, 1] and [n+ 2, 2]
if the symmetrizations of the corresponding Young diagram are performed before the antisym-
metrizations. If the antisymmetrizations are performed first, we obtain the properties of the m’s
and I’s. The @’s and J’s form an alternative description of the higher moments (i.e. other than
mA, [2#, I¥+) which for some purposes is more convenient than that given by the m’s and I’s. We
see, for example, that the orthogonality conditions (4.5) and (4.14) take the simple forms

nKlQKI...Kn/\/L = O> n’QJK

Lo Kp Apvp = 0 if n>1. (536)

We shall use, from now on, whichever is most convenient in a given context.
11-2
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Let us now summarize the main results of this section so far. By studying the functionals (5.1)
and (5.2), we have seen that two special types of test function have particular significance:

(i) Ifm and I are restricted to act on functions of the form (5.3), then in virtue of the sym-
metry properties of the moments, these functionals take values depending only on the moments
m?, I** and I**#, These particular moments are conversely determined by these restricted func-
tionals.

(ii) If m and I are restricted to act on functions of the forms (5.21) and (5.22) respectively,
they take values independent of the moments mentioned in (i), but they determine all the re-
maining moments. In virtue of the orthogonality properties of the moments, these restricted
functionals may be considered as functionals of the ordinary tensor fields ¢,(x) and ¢,,(x) on
M defined as in (5.18). Moreover, in this case the integrands of the s-integrals in (5.1) and (5.2)
depend, for fixed s, only on the restrictions of ¢, and ¢, to the hypersurface S(s) defined in the
paragraph following equation (5.7).

There is a third special case which is also of importance. In selecting (5.19), we made the
derivative contributions to (5.16) vanish. If this is not to be so, but we still wish to have m and
determined by the tensor fields ¢, and ¢, of (5.18), then these derivatives must be determined
by ¢, and ¢,,. Now differentiation of (5.18) yields

V.5 = V,e54 (0ep/0s) 0,7 (5.37)
On using this and similar relations for e,4, we may deduce from (5.1), (5.2) and (5.16) that
m[E,] dependson e, and 0%0,/0s on &(S),
I[E,,] dependson e, 0#0¢,s[/0s and o*0PV,(De,,[0s) on 6(§)} (5.38)
So m and [ are determined by ¢, and @, if
0*0e,[05 = 0, 0FDe,g[0s = 0, 0%0PV,(e,,[0s) =0 on 8(5). (5.39)

This has the advantage over case (ii) above in that, given any ¢, and ¢, an ¢, and €45 can be
found satisfying (5.18) and (5.39) merely by requiring (5.18) on ¢(S) and putting de,/0s = 0
and de,,/0s = 0 in the neighbourhood of &(). In contrast, case (ii) above needs o*$, = 0 and
0G5 = 0ond(S).

The price we pay for this advantage is that the s-integrands in (5.1) and (5.2) no longer de-
pend on the restrictions of ¢, and @, to a particular S(s). The complications caused by this are
well illustrated by the treatment of J*in II, and they are considerably greater for 7%, Guided by
the work of §5 of II, we now find a correspondence between fields ¢, and ¢, satisfying (5.39),
and those satisfying (5.19).

6. THE AUXILIARY FUNCTIONS ® AND w,

With a view towards later substitution into the functionals (5.8) and (5.9), which satisfy the
relations (5.11), we shall consider correspondences of the form

€y —> Col = €, + 0,0, (6.1)
eaﬂ—%caﬂ: = eaﬂ+V(awﬁ), (62)

where all the fields have scalar character at z(s) as well as the tensor character at x indicated by
their indices. Due to this s-dependence, we cannot directly apply (5.11) to the contributions from
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w and w,, but this will not cause difficulty as we shall use relations of the form (5.37). Our im-
mediate aim is to obtain correspondences (6.1) and (6.2) in which all the fields have compact
support, and which satisfy

oo, =0 (6.3)
and 0%, =0 (6.4)
identically, and 0%0c,[0s= 0 (6.5)
and 0#0c,4[0s, 0PV (O, p[05) = 0 (6.6)

for each s and all x in some neighbourhood of §(s). These are the two types of special case con-
sidered in the previous section, as given by (5.19) and (5.39). We shall need to work in both
directions, i.e. given ¢, and ¢,g, find all possible ¢, and ¢4, and vice versa, but when ¢, and ¢4
are given, we shall feel free to alter them outside of some neighbourhood of §(s) to ensure that an
appropriate ¢, or ¢,, of compact support does exist. In view of our results on the support of the
functionals m and 1, we do not expect this indeterminancy to cause any difficulties later on.

Consider first (6.1). Initially, let ¢,(s, ¥) be given, with compact support but not necessarily
satisfying (6.3). To find ¢, satisfying (6.5), substitute from (6.1) into (6.5) to give

%0, (0w[0s) = — 0*0e,,[Os (6.7)

in some neighbourhood of $(s). If x(«) is any geodesic through z(s), with x(0) = z(s) and u as an
affine parameter, then (6.7) is equivalent to

d (0w .0 O

cﬂ(ﬁc) = —X —a—ge“, (68)
where %%: = dx*/du, holding along all such geodesics in the required neighbourhood. This
can be integrated for arbitrary initial values of dw/[0s at # = 0, i.e. at ¥ = z(s). Having thus ob-

tained Ow/0s in a neighbourhood of $(s), we can obtain w by integrating with respect to s using,
for each x, an arbitrary initial value at s = 7(x). This shows that we can specify

[00[05],rp = a(s), @(7(%),%) = v(x) (6.9)

subject only to a(s) and »(x) being C® and of compact support. Since ¢, is required to satisfy (6.5)
only in a neighbourhood of §(s), we simply choose (s, x) to be any biscalar of compact support
which agrees with this construction in this neighbourhood, and then take (6.1) as defining the
corresponding ¢,.

When (6.3) is satisfied, it gives by differentiation with respect to s that

0%0¢,[0s = —vro%, ¢, (6.10)
where v»*: = dz*/ds. In this case, (6.8) becomes

d [Ow

e e} = y—lpr .2

du(as) utvioye,. (6.11)
The singularity on the right hand side at # = 0 is here only apparent, since (6.3) implies that

ex(s, z(s)) = 0, (6.12)
and hence ¢, (s, x(u)) = O(u) as u — 0.
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Now, conversely, suppose that ¢, (s, x) is given. Again, we do not initially assume that (6.5)
is satisfied. To find an ¢, satisfying (6.3), substitute from (6.1) into (6.3) to give

do/du = 3%, (6.13)

along the geodesic segments x(«) as above. This may be integrated throughout a neighbourhood
of §(s), with an arbitrary initial value at # = 0, say

w(s, z(s)) = A(s). (6.14)

The corresponding ¢, given by (6.1), will then satisfy (6.3) in this neighbourhood. Now extend
¢, and o outside this neighbourhood in an arbitrary manner, subject only to (6.3), so that they
have compact support, and use (6.1) now to define a new ¢,. In accordance with our comments
above, this ¢, will agree with the original one in some neighbourhood of §(s), for each s.

If we start with an arbitrary ¢, satisfying (6.3) and construct ¢, using the initial values (6.9),
then we may recover o from ¢, using (6.13) provided that we take the initial value (6.14) to
be compatible with (6.9). This requires taking

A(s) = v(z(5)). (6.15)

Conversely, if we start from a ¢, satisfying (6.5) and find ¢, using the initial value (6.14), then to
recover o from ¢, we must use the appropriate values of v(x) and a(s). These are not determined by
¢, and A(s) alone, but are determined if we additionally know

Pal¥) 1 = co(7(x), %), (6.16)
which is the function introduced in equation (5.18). For then (6.13) and (6.9) give
dv/du = 3¢, (6.17)

for those geodesics x() in S(s), which when integrated with the initial condition (6.15), deter-
mines » on each §(s), and hence throughout §. To find a(s), we then use (6.12), (6.1) and (6.16)
to give 0,» = ¢, at ¥ = z(s), and hence with (6.9) and (6.14) we get
a = dd[ds —v*g,. (6.18)
Given ¢, satisfying (6.5), another choice for ¢, which yields the same ¢, (x) is &, (s, x) : = ¢, (x).
Equation (6.5) is trivial in this case, as ¢, is independent of's. Since ¢,,, 4 and ¢ , together determine
¢, in the neighbourhood of §(s), it follows that ¢, must change if we alter ¢, while keeping 4 and
¢, fixed. Hence if we construct ¢, and ¢, using the same value of 4 as before, then ¢, + ¢,. It
will be important for us to know that nevertheless
e,(s,%) = é,(s,x) torall xeS(s). (6.19)
Clearly (6.17) shows that » = v, and hence that
w=06 on S§(s), (6.20)

but from (6.1) we see that (6.19) requires that also 9,(w —®) = 0 on §(s). We now prove that
thisis so. We first note that the techniques used in the proof of (5.38) show that, because of (6.20),
0,0 and 0,4 will agree on S(s) if and only if dw/ds and 0&/0s agree there. Let us put @ = 0 — @,
and similarly define ¥(x), a(s), ¢, and é,. Then from (6.1) and (6.9) we have, on S(s),

¢, =2¢,+0,7— (0w[0s)0,T. (6.21)

But we have seen that 7(x) = 0, and from the definition of ¢, we have that ¢, (s, x) = 0for xeS(s).
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Hence (6.21) gives
¢, = (0B[0s) 0,7 on S(s). (6.22)

Since (6.12) implies that é,(s, z(s)) = 0, (6.22) then shows that
06[0s = 0 when « = z(s), (6.23)

i.e. a(s) = 0. Now on substituting (6.22) into (6.11), we sce that

d, w
. e = At
uduln 5, = V'R 0,7 (6.24)
along those geodesics x(z) in S(s). As the coincidence limit {o’3*) = — 8% and v*9,7= 1, we see
that the right hand side of (6.24) is — 1+ O(u). The general solution of (6.24) thus has the form
0w [0s = ku—texpf(u), (6.25)

where £ is an arbitrary constant and f(«) is differentiable in a neighbourhood of # = 0. The only
solution compatible with (6.23) is then when £ = 0, and so 0@/0s = 0 on S(s), as required, which
completes the proof.

For given ¢,, we now separate out in the corresponding ¢, the dependence on v(x) and a(s).
From (6.16), (6.1) and (6.9) we sce that

P (%) = e,(s, %) +0,v — (0w[0s) 0,7 (6.26)
if x € S(s). But from (6.8) and (6.9) we see that
Qwf[0s = "Y(s, x) +a(s) (6.27)
if "3 (s, x) is the solution for dw/0s corresponding to a(s) = 0. If we now put
: Y(x): = "P(r(x), %), (6.28)
then (6.26) gives
Pa(x) = €,(7(x), %) +0o2(x) — (¥ (*) +a(7(x))) 0, (6.29)

asrequired.
We turn now to the corresponding treatment of (6.2). Consider first the conditions (6.6)
on ¢,,. By applying the operator 07(z(s), x) V, to the first of these, we find that it implies also

otV ¢y, [0s = 0. (6.30)

Note for later use that since 07V, differentiates along geodesics through z(s), this implication
holds also if, as in (5.39),

0%0¢,4/0s = 0 (6.31)
is required to hold only on S(s), rather than in a neighbourhood of S(s) as is the case in (6.6).
On using (6.30), we can replace (6.6) by the equivalent pair of equations (6.31) and

0
O'aO'ﬁV{a'a—s 6‘,),/9} = O, (6‘32)

where the { } notation is defined in appendix 1.

The next step depends essentially on the fact that we are presently requiring (6.31) and (6.32)
to hold in the neighbourhood of § (s). For this enables us to apply V,, itself to (6.31). We then easily
deduce that (6.31) actually implies (6.32). Equation (6.31) also implies that

0¢ [0s =0 when x = z(s). (6.33)
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We now show conversely that (6.32), together with the initial value (6.33), implies (6.31), so
that the two conditions (6.31), and (6.32) with (6.33), are equivalent. To see this, let x(x) be a
geodesic through z(s) as in (6.8). On multiplying (6.32) by o” and using o7 = ux?, we get

d 0
— xoexf — =
T (x % as”aﬁ) 0. (6.34)
Because of the initial condition (6.33), this implies
0%0h e 505 = 0 (6.35)

in a neighbourhood of §(s). From (6.32) and (6.35) we now get that along all geodesics x(u) as
above,

& 0 0
ua-lz(o“"é}cw) +0-a(0-,4.97__A$) 6}60‘/): = 0, (6.36)
On using (3.10), this can be put in the form
d 0
—_ o HE —
T (0' H"‘@sc“ﬂ) 0, (6.37)

which can be integrated to give (6.31) as required, on again using (6.33) as initial condition.

For the moment, (6.32) with (6.33) will be the most useful form of the conditions on ¢,.
Using it, let us follow for (6.2) the development of (6.1) that starts with (6.7). So let ¢,4(s, x) be
given, with compact support but not necessarily satisfying (6.4). If we substitute from (6.2) into
(6.32) and let x*(u) be a geodesic as in (6.8), we obtain

82 (0 ey O g O
( )+Raﬂwxﬂx7——}w" = —akirV, (6.38)

dut\3s = ) 3 Ferr

By integration of this along all such geodesics in a neighbourhood of §(s), we obtain a dw,/0s

which ensures that (6.32) will be satisfied. As before, we can then find a corresponding v,
satisfying

W (T(%), %) = v,(x) (6.39)

for arbitrary v, of compact support. To specify uniquely a solution of (6.38), we need to give
0w,[0s and V4(dw,[0s) at u = 0. In part, these are determined by (6.33), which from (6.2) is
equivalent to

0 0
V(K-a—s(l))‘) = —-6}(30 (6.40)

where, for example, V, w, should be taken as meaning d¢§lim V,, w,. Using this same convention,
T—>2

—>

we are thus free to specify
0

0= aK(s) and V[Kaw/\] = bx/\(s) (6‘41)
arbitrarily, subject only to compact support and &, = 0.

To separate out from 0w,[Os its dependence on «, and b,,, we observe that if the right hand
side of (6.38) were zero, it would be the equation of geodesic deviation. The results of §3 of I
then give the general solution of (6.38) as

w,[0s = Kyra + Hf oMb, + ", (6.42)
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where "¢, (s, x) is the solution for dw,,[0s corresponding to a, = 0, b,, = 0. If

¢aﬁ(x) V= cmﬂ(T(x)5 x) (6.43)
asin (5.18), then from (6.39) and (6.2) we get, as the analogue of (6.26), that
Pap = €apt Viap — (00, [0s) Op T, (6.44)

where s = 7(x). The dependence of ¢, on a, and b, , is obtained by substituting (6.42) into (6.44).
By analogy with (6.28), we also write

Valx): = "Pa(r(x), ). (6.45)
We now see what simplifications occur when ¢, satisfies (6.4). First, note that this implies
00 0e,p[0s = 0, 0PV ,e,, =0 and 070*V,e,; = 0. (6.46)
By letting x — zin (6.4) and the first two of these, we can deduce (cf. (5.23)) that
ey, =0, 0e,/0=0, Ve, =0, (6.47)
in the notation of (6.40). Hence (6.40) and (6.41) reduce to
0w, [0s = a,(s), V. 0w,[0s = b,(s). (6.48)

We next show that when @, = 0, which is the case in the construction of 'y, one integration of
(6.38) can be performed explicitly. Although this can be done directly, it is easier to derive the
first order equation separately, from the alternative condition(6.31)on ¢,. We first deduce from
(6.31), (6.2) and the first of equations (6.46) that

d 0

= ge— =0 .

du (x as‘”“) (6 49)

along the usual geodesic segments x(u), with x(0) = z(s), in some neighbourhood of $(s). Since

a, = 0, this integrates to show that
0*0w,[0s = 0 (6.50)

in this neighbourhood. If we now substitute from (6.2) into (6.31) and use (6.50) and (6.4),
we find that

5 (0 0
ug (ﬁ}w“) —O'“ﬂé}a)ﬁ = 21}"0’,11("3“/3 (6.51)

along such geodesic segments, which can be put in the form

d—% (u“l o"‘“%wa) = 2u~%v, 0% e 5. (6.52)
As with (6.11), the singularity on the right hand side is only apparent, as (6.47) shows that
e.5(5, %)) = O(u?) as u — 0. All solutions of (6.52) satisty 0w,[/0s = 0 at u = 0; the boundary con-

dition at = 0 is the freedom to specify

d [0 "
a(a%) _ @b, by (6.48).

We next assume ¢, , given, although not necessarily satisfying (6.6), and we seek an w, such
that ¢, satisfies (6.4). The remarks following (6.14) concerning modifying ¢, are equally applic-
able in this case to ¢,;, and so we shall only concern ourselves with the corresponding equations.

12 Vol. 277. A.
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First note that (6.46) implies
b7V 4e,,, = O. (6.53)

On substituting from (6.2) into this, we get

820 [du? + Ry #8700 = 87V 40 (6.54)

afiy ay}

along the usual geodesic segments. On integrating this with arbitrary boundary conditions at
u = 0, we get an w, which ensures that €apt = Cop— Vi wp satisfies (6.53). However, just as (6.32)
and (6.33) together imply (6.31), so also (6.53) implies (6.4) provided that ¢, = 0 at u = 0.
The allowed freedom in the initial conditions for (6.54) is thus that we can take

w,=A(s), V.o,=c,+B,(s) at u=0, (6.55)

where 4, and B,, = By, are arbitrary.
If we start with an ¢, satisfying (6.4), consistency of the two sets of initial conditions for the
closed cycle from ¢, to ¢,; and thence back to ¢,, requires, from (6.55), (6.39) and (6.48) that

AK (S) = VK(Z (.S')) and BK)( = V[KVA] —a aK] 7. (6 56)

The definition of 7 shows that 0,7 = n,/(n0,), so that the last term in (6.56) is easily evaluated.
If, conversely, we start from ac 4 satistying (6.6) and find ¢, using (6.55) as initial conditions, then
torecover¢,,frome,, A, and B,,, we need to be able to reconstruct a,, b,, and v,. The correspond-
ing treatment of ¢, following (6.16) suggests that to do this, we need also to know ¢, as given by
(6.43). However, it is not evident that even this suffices, as (6.54), which corresponds to (6.13),
involves V¢g,. Although ¢, ; = ¢, 0n S(s) by definition, we will not generally have

Vacpy =Vady, on S(s).
We now show that, nevertheless, we do have
UﬁUYV{ﬂcay) = O'ﬂo’YV{/j:any} on S(S), (6.57)

and so we may replace ¢,z by ¢,, on the right hand side of (6.54) when the geodesic x(«) lies
in S(s). This may then be integrated on using (6.55) to give w, on S(s), and hence v, by (6.39).
To prove (6.57), let us put ¢, (s, ¥) = @,p(x) and 7,5 = ¢, —C, 4, as was done for ¢,. Then (6.43)
implies

V{ﬂza(

n = —05T0,,[0s on S(s), (6.58)

from which (6.57) follows on using (6.6).
We also need to express a, and b,, in terms of 4, B, and ¢,,. Using (6.43), (6.48) and (6.55),
we see, in the notation of (6.40), that :

a/\ = SAA/dS—Uﬂ(¢”A+B”)L) (6.59)
and by = 8B, [ds —vrV 0y (6.60)
Together with (6.2), (6.47) and (6.55), (6.60) gives

by = 8B, [ds— v (2V 0y, + Ry, 47). (6.61)

KAV

But similarly to the derivation of (6.57), using (6.33) we see that V,¢
(6.61) finally becomes

an = Vi@, and hence

bk/\ = SBK/\/dS_v/l(2V[K¢/\l,u+RK/\;thV)' (662)
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We shall also need to know that if ¢,; and é,4 are derived from ¢, and ¢, 5 using the same initial
conditions, then they agree on each §(s). In fact, we show that

Wy =By, Vo0, =V, 0, and e,p=¢,, oneach S(s). (6.63)

We define ¢,, etc., as before. The first of the results (6.63) has already been proved. By it, we
see that the second is equivalent to
0@,[0s =0 on S(s), (6.64)

while by (6.2), the third follows from the second. It thus remains to prove (6.64). The method
is similar to that leading to (6.25). It follows from (6.44), since 7, = 0, that

éaﬂ=ﬁ(“réa}6ﬂ) on S(s). (6.65)

As ¢, = 0 by (6.47), this shows that 0, /0s = 0, so that by (6.48), a,(s) = 0. Hence (6.52) is
valid for the barred variables, and on $(s) it gives, with (6.65),

d 0 _ d_ .
a—&(u*l O'K“&a)a) = 2y~ v)ta"“a"/fa(“Té—}a)ﬂ). (6.66)
We integrate this in two stages. If we first multiply it by v,, we get a differential equation in the
variable v, 0%*0@ ,/0s, which may be integrated as before to give a solution of the same form as

(6.25). This is compatible with @, = 0 only if
0,0%“0w,[0s =0 on S(s). (6.67)

On putting this back into the right hand side of (6.66), we can integrate the resulting equation to
give
0% 0w, [0s = C¥expf(u) on S(s), (6.68)
where C¥ is an arbitrary constant vector at z, and f(u) is differentiable in a neighbourhood of
u = 0. Again, this is compatible with @, = 0 only if C¥ = 0, from which (6.64) follows as required.
For later convenience we shall write

0o (5 %) = £4(5, %) + Au(s, %), (6.69)
where A, is the solution of (6.54) corresponding to 4, = 0, B,, = 0, and £, is the corresponding
solution of the homogeneous equation. As this is again the geodesic deviation equation, we have

§* = K A*+ H* o) B, (6.70)
asin (6.42).

7. THE REDUCED MOMENTS OF J¢

We are now in a position to relate the generating functionals of §5 to the sources J* and 7%,
In doing so, we shall reverse the order of development used in II, by proving first the existence
and then the uniqueness of the reduced moments. This will be done by first making a provisional
definition of the moments, from which we deduce both their existence and the result which we
then adopt as a new and final definition. The existence of the moments given by the final de-
finition is thus assured, and their uniqueness is then proved.

In the present section we follow this procedure for J%, being guided by the expected final
results which are already known from II. This is to provide a model which we can then follow in
the subsequent sections in treating 7%/, Only in this way do we seem able to arrive at the best

12-2
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definition of the moments of 7%4, as it is not a straightforward generalization of that given in IT
for J=.

First, we note some weak geometrical restrictions that we shall need to impose. These were
discussed in I and II, and require, roughly, that the body be not too large, and be convex. The
convexity condition is not essential to the method, but it saves us from having to make minor
distinctions between the supports of various functionals, and so saves yet more complication in the
notation. Similarly, it is convenient to take J* and 7%/ as having the same support, ¥ say.

Assume that the intersection of W with an arbitrary spacelike hypersurface X' lies in some
convex neighbourhood in M whose closure is compact. Choose the base line / for the moments
so that its point of intersection with any such X' lies in such a convex neighbourhood. If X (s)
denotes the hypersurface formed by all geodesics through z(s) orthogonal to n*(s), we further
suppose 7* chosen so that the cross-sections 2'(s) n W of W are spacelike and disjoint. Finally,
the ‘ convexity condition’ we use is that the geodesic segment joining z(s) to any point of X'(s) n W
should lie entirely within this cross-section. These assumptions ensure the validity of the geo-
metrical constructions we shall make.

We also need, temporarily, an assumption connecting W with the support § of m[E,]. In
the notation of §5, S(s) < 2'(s). We suppose that also Z'(s) n W < S(s), so that W < §.

Let w*(s) be any C*® vector field on M such that w* ds drags X (s) into X(s+ds). Then if ¢,
is any vectorial test function on M, we have from (5.8) that

T4 b = f ds f L Fpwrds, (7.1)

Now starting from ¢, (s, x) : = ¢,(x), follow through the constructions of §6 with an arbitrarily
chosen A(s). This gives first w(s, x) and ¢,(s, x), and then a(s) and v(x) from (6.9) and () from
(6.27) and (6.28). On substituting from (6.29) into (7.1), and using (5.11) and the result

0, Twfdl, = dX,,

we now obtain (I @ = fdsf (e4(s, ) Qo wP — ) d 2y ~faqu, (7.2)
(s)

where q(s): = Jrdd,. (7.8)
2(s)

Note that although, in § 6, we reserved the right to alter ¢, (s, x) outside of the immediate neigh-

bourhood of §(s) when constructing w and ¢, this does not alter the corresponding ¢ ,(x) of (6.16)

within . Since by hypothesis W < §, this thus does not affect the validity of (7.2).
From (6.28), (6.27) and (6.11), the function () satisfies

P(z(s)) = 0, dy[du = u~'v,0%,, (7.4)
the second of these holding along all geodesic segments x() lying in S(s) having x(0) = z(s)

and u as an affine parameter. The integral

J' (e, 8w — ) A, (7.5)
Z(s)

occurring in (7.2) thus depends on ¢,(s, x) only through its value on §(s). Now from (6.3) and
(5.16) we see that the functional

e, (2m)— f (s, k) By (z(s), k) Dk (7.6)
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is well defined if, in the terminology of §5, E, = Z!(e,) in some neighbourhood of . It is con-
venient also to require £, to satisfy (5.20), which we may do as it is compatible with (6.3). More-
over, the functional (7.6) also depends on ¢, (s, x) only through its value on S(s). We now adopt,
as a provisional definition of the reduced moments of J%, the hypothesis that (7.5) and (7.6)
are actually identical. Hence

f o e =) 42y = (2m) f i (s, k) By (2(s), k) Dk (7.7)

for arbitrary E, satisfying (5.20), and any e,(s, x) satisfying (6.3) and given by Z,(£,) in some
neighbourhood of § (3.

This provides our first link between the support of J* and that of the functional 7. It is not a
complete link since £, in (7.7) is restricted by (5.20), but for such E) it shows that the right hand
side of (7.7) depends on the value taken by E, in precisely that region of 7, (M) in which E,
must be known in order to determine ¢, and ¥ on X (s) n W. Now to determine ¢ at xe X(s) n W,
by (7.4) we need to know ¢, along the whole geodesic segment joining z(s) to x. However, by
hypothesis this segment lies entirely in X'(s) n W, so that if ¢, is known throughout this cross-
section, ¥ is also completely determined on it. To so determine ¢,, we need to know E, on

Exp;g (Z(s) n W).
The union of this over all s would thus form S, were it not for the restriction (5.20) on E,. We
shall see below that this restriction can be removed, giving S precisely in terms of J* and the
above geometric constructions.

By (5.21), any such E, can be written in the form E, = X+H,, where H,, = H;,y, and con-
versely all £, of this form satisfy (5.20). We can use this to re-express (7.7) in a more convenient
form. Choose H,, arbitrarily, and let %,; = k,z(s, ) equal Z,(H,,) in some neighbourhood of
8(5). Then by (5.15),¢,: = oPhg, is given by e, = Z,(E,) in this neighbourhood. On using (5.24)
and (5.27), (7.7) then gives

f o U700 %) A2, = (2m) f Q+H, Dk, (7.8)

and (7.7) is equivalent to (7.8) holding for all such pairs (,,, H,,). The results of § 5 now show
thatifany moments Q- exist satisfying (7.8) and (5.28) as well as the symmetry and orthogonality
conditions (5.32) and (5.36), then they are unique. This fixes all the moments of J* except the
monopole moment m?.

It was shown in §5 of II that such @-’s do exist, and explicit expressions were found for them
as integrals of 3* over 2'(s). Moreover, it was seen that for any choice of m*(s), the support of the
functional (7.6) is not enlarged when the restrictions (6.3) and (5.20) on ¢, and E, are removed.
For these moments the above discussion shows that we thus have

SE) =X nW, S=W, and 8= UExp;}(Z(s)nW). (7.9)
We can now verify that, as a consequence of the restrictions placed above on W, [ and n?*, all the
assumptions made about §(s) and § are indeed satisfied. We can also verify (cf. (II, 6.3)) that,
as imposed in §5, #* - 00 as k — co no faster than a polynomial in £. In fact, it diverges linearly
in k.
These proofs will not be repeated here; instead we study some other consequences of (7.7).
From (5.1), (7.2) and (7.7) we get

(J% oy = m[Ey] - [aqds. (7.10)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on March 12, 2013

96 W.G. DIXON

Now in the present case, (6.1) gives
a(s %) = Bul®) —8,0(s, % (7.11)
for all x in some neighbourhood of §(s). Let 2 be any scalar test function on 7'M over 7 given by
2 =wod, (7.12)
as in (3.2), in some neighbourhood of §(S). Then from (3.10) and (3.11),
V0 = — 0,V 2 (7.13)
in this neighbourhood. Hence if we choose
Zp, = —ob,, (7.14)
which satisfies (5.15) as required, we have 0,0 = Z;(V4,2) in some neighbourhood of §(3),
and so from (7.11), ¢, = Z,(®,) also, where
D, (2, X): = E;+V,, 2. (7.15)

This choice of Z; is equivalent to using (5.12) instead of (5.13) for ¢,.
Substitution from (7.15) into (7.10), with the use of (5.4) and (7.13), now yields

(J* $ > = m[D,] — f(aq+m"a,\w) ds. (7.16)

But from (7.11) and (6.12), 0,0 = ¢,(z(s)). On using this and (6.18), we can thus rewrite
(7.16) as

(J2 ¢, = m[D,] +J‘¢,\(qv"——mA) ds+fg—?A ds, (7.17)

where we have used the fact that A(s) has compact support to integrate the last term by parts.
Note that in (7.17), all mention of w and ¢, has disappeared. It is true that @, has been con-
structed from w and e, but it is completely determined in the neighbourhood of § by its relation-
ship to ¢,, and since § is the support of m, this shows that m[®,] is completely determined
by ¢,. Now the arbitrary function A(s) occurs in (7.17) only in the last term. This term must

thus vanish identically, giving
dg/ds = 0. (7.18)

If, in addition, we take mA(s) : = q(s) v}, (7.19)
thus defining the only remaining moment of J%, (7.16) gives
(J* §op = m[B;]. (7.20)

In (7.18) we have recovered, by a tortuous route, the law of conservation of total charge.
The other result, (7.20), forms the basis of our final definition of the reduced moments of J*.
We now set this out as a theorem: Let J* be a C! vector field on M whose support satisfies the
conditions given at the beginning of this section, and let a world line / and timelike unit vector
field n*(s) along { be chosen also in accordance with these conditions. Let @ (s, £) be defined by
(4.15), in terms of certain tensor fields m- along ! satisfying (4.1), (4.4) and (4.5), and suppose
that for each fixed s, M* - 0 as £ — oo no faster than a polynomial in £. From it, construct the
functional m[E,] according to (5.1). Now suppose that there exists a bounded closed set

S'cNcTM
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such that if ¢, is any vectorial test function (i.e. a C* function of compact support) on M, then
(7.20) is satisfied for all test fields @, on T'M over 7 which satisfy

®, = Expig, (7.21)

in some neighbourhood of $’. Suppose further that no closed subset of §* also has this property.
Then

(i) We must have V. J*=0. (7.22)

Conversely, if J= satisfies this, then moments m~ and a region § = N do exist having all the
required properties.
(ii) 8" = 8", where 8" = U Expgyy (2(s) n W). (7.23)

(iii) The m-’s are uniquely determined.

(iv) mA(s) is given by (7.19) and (7.3), and satisfies the charge conservation equation (7.18).

(v) The higher moments are given by equations (5.66), (5.62), (5.60) and (5.58) of II as
explicit integrals over 2(s).

(vi) There are no algebraic or differential relations between the moments as a consequence
of (7.22), other than (7.18).

Before this is proved, a few comments on it will be made.

(a) Result (i) is essentially a consequence of the process of reduction discussed in the introduc-
tion. Although moments can be constructed for an arbitrary vector field by using the explicit
integral expressions of (iv) and (v) above, they will in general neither satisfy (7.20), nor contain
sufficient information to reconstruct the original vector field. In such a case it is necessary to use
the complete moments, defined in II, in order to have a set from which J* can be reconstructed.
Result (vi) shows that the reduction process is complete.

(b) Whereas the provisional definition (7.7) apparently builds in the hypersurfaces 2(s) as
the surfaces of integration over which the moments will be defined, this is no longer the case in
(7.20). Result (ii) shows that this choice of hypersurfaces is not a free one; it is a consequence of
the orthogonality conditions imposed on the moments. Since a change of #! will thus change
the surfaces of integration, it is clear that there can be no algebraic relation between the reduced
moments for different choices of #!, unless J is assumed to be analytic.

(¢) Therequirement that no subset S has a similar property is not a trivial one; it was shown in
§3 of II that unless this is imposed, it is possible in certain circumstances to lose the uniqueness
of the corresponding moments. The restriction to closed subsets of 7'M is to prevent the trivial
omission of isolated points yielding subsets of S" which nevertheless have identical neighbour-
hoods to $’, and which thus impose identical restrictions on the relationship between ¢, and @,.

We turn now to the proof of this theorem. We first prove together both (ii) and the converse
part of (i). As before, let § denote the support of m. Then (7.20) can only be valid under the
given conditions if § < §’, for otherwise the value of the right hand side could be altered without
changing ¢,. But in the notation of § 5, also § < X, and hence § = §’ n £. Similarly, W < Exp S,
for otherwise the value of the left hand side of (7.20) could be altered without changing that of the
right hand side. Hence W < Exp ($'n %), and so for each s,

WnZ(s) = Exp(S' n Z(s)),

which by (7.23) implies $” < §’. But we have already seen that moments exist satisfying (7.20)
under the required conditions when S’ is the S of (7.9), which is precisely §”. The minimality
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condition on §’ thus ensures that §’ = §” is the only solution. Hence necessarily § = $” also,
and $(s) and § are as given by (7.9). As we saw above, we are now assured that the restrictions
placed on §in § 5 are satisfied, and so all the results of §§ 5 and 6 are valid.

Result (iii), the uniqueness of the moments, will be proved by deducing both (7.8) and (7.19)
from (7.20). Let h,4(s,x) and H,,(z, X) satisfy the conditions imposed on them in (7.8), with
Z, given by (7.14). Put

e, = ofhg, and E,=X"H,, (7.24)

and construct from e, the functions ¢, (s, x) and w(s, x) of (6.1), and ¢ ,(x) of (6.16), according to
the methods of § 6. Pick a representative 2(z, X) of w as in (7.12), and @, of ¢, as in (7.21), and
put

Ci(z,X): = E\+V,, 0. (7.25)

Then ¢, = Exp, C, in a neighbourhood of §(8). Hence with (7.21), (6.5) and (5.39) we have
m[®,] = m[C,], (7.26)
and from (7.25) and (5.4), m[C,] = m[E)] +fdsmAa,\o). (7.27)

Use (6.9) on the last termin this, and substitute from it and (7.26) into the right hand side of (7.20).
On transforming its left hand side using (7.1) and (6.29), we obtain

m[E,] + f dsmA (@, — ad, 7) = f ds f [Re, wh — 3] 4, - f WY, Sedix — f agds. (7.28)
2(s)

Now in this, a(s) and »(x) are arbitrary. By first putting ¢ = 0, v = 0 we obtain

f ds{ f [, wh — YA A, — (2m) f r?z"EADk} — o0, (7.29)
2(s)
and then by putting ¢ = 0 and v = 0 separately in turn, we get also
[dsmAop = — [»V, =d% (7.30)
and q(s) = m(s) 0,. (7.31)

Since V3 is continuous by hypothesis, (7.30) can only hold for all »(x) if both sides vanish
identically. The vanishing of the right hand side then completes the proof of (i). The vanishing
of the left hand side is equation (II, 5.40), which was shown in II to imply that m* has the form
m* = kv*, for some constant £. On putting this into (7.31), we get k£ = ¢(s), which is result (iv).
Now the relationships between 4,,, § and H, , are all maintained if we replace them by

0(5) hap(ssx), O0(7(x)) ¥ (x) and 0(7(2)) H),(z, X)

respectively, where 6(s) is an arbitrary C* function of 5. In the s-integrand of (7.29), all the 6-
factors become 6(s), and by using the arbitrariness of 4 it then follows that the curly bracket in
(7.29) must vanish identically. This gives (7.7), from which (7.8), and consequently results
(iii) and (v), follow as discussed above. Finally to prove (vi), we put ¢,(x) = 0,w(x) in (7.20).
The corresponding @, can then be taken in the form V,, 2, and so (7.20) and (5.4) give (cf.
(7.16))
0, J% 0y = — [ M, wds,

which vanishes by (7.18) and (7.19). Hence (7.18) is the only restriction on the moments needed
to ensure (7.22), and hence it is the only restriction implied by (7.22), as required.
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We note for later use that if i is defined using (6.8) rather than (6.11), so that (7.4) is replaced

Y(z(s)) =0 and %;{r = —9&“5658“ (7.32)

by

in §(s) along the appropriate geodesic segments, then (7.29) is valid for arbitrary e,, and not
just for those satisfying o%¢, = 0. Its derivation immediately following (7.24) is still valid in this
case as the relevant results from § 6 did not use this restriction except in the deduction of (6.11)
from (6.8). However, we can no longer deduce (7.7) from (7.29), since replacement of ¢, by
0(s) e, (s, x) does not now correspond to i — 6(7(x)) ¥(x). This result was also proved in § 5 of II.

8. DEFINITION OF THE REDUCED MOMENTS OF T%
We now follow through this same procedure for 7%4, to obtain first a provisional definition of

the reduced moments, and then a more satisfactory final definition. Let ¢,; = @(,p(x) be a
tensorial test function on M. Starting from

Cap(8:%) 1 = Pap(%), (8.1)
follow through the constructions of § 6 with the tensors 4,(s) and B,, = B (s) of (6.55) being
chosen arbitrarily. This first gives us e, 4(s, ¥) and (s, x), from which we construct v, (x) by (6.39),
a.(s) and b, (s) by (6.41), and ¥ ,(x) by (6.42) and (6.45). Then by substituting from (6.44) and
(6.42) into (5.9) and using (5.11), we obtain

(Tot, b = f ds f (e0p TPwY i, T7) A, — f (@, +3b, 5 ds+ f Fob, dix, (8.2)
Z(s)

where pe(s): = K¥+tdX,
2(s)

(8.3)
and SeA(s): =2 HkgNFePdX,.

Z(s)

When F,; = 0, the definitions (8.3) agree with those of the momentum and spin tensors p*
and $** given by equations (I, 5.1) and (I, 5.2), butif F,; + 0, p* and $** contain electromagnetic
contributions which are absent in (8.3). However, when F,; + 0, (8.2) differs from the analogous
equation (7.2) for 3 by still containing »,(x). These two discrepancies are connected, as will now
be shown.

On using (6.39), the final term in (8.2) can be written as

f Fobg py, dix = f ds|  Fobo,(s,x)SuwrdZ,. (8.4)
2(s)

Now define ep(s, %) = Fop0™. (8.5)
From it construct {(x) asin (7.32), and pick an E, (z, X) given by Exp ¢, in some neighbourhood
of §(8). Then on using (7.29) and (5.1), we can put (8.4) in the form
fF"‘ﬁ%ﬂvad“‘x = m[E,] +fdsf¢§3“d2a. (8.6)
We next separate out the dependence of ¢ on 4, and b,,, using (7.32), (8.5), (6.42) and (6.45).
Choose bitensors ¥, (s, x) and @, (s, x) of compact support on each tangent space 7, (M) and
satisfying W (5,2(5)) = 0, d¥,(s,x)/du = &#K%F (8.7)
,(5,2(5)) = 0, A(u®,)[du = ustH*,F,y, (8.8)

13 Vol. 277. A.
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along all geodesic segments x*(#) having x(0) = z(s), « as an affine parameter, and lying in some
neighbourhood of S(s). These definitions agree with those of equations (I, 3.14) and (I, 3.15).
Further, choose a y(x) of compact support and satisfying
X(z(s)) =0 and dy/du =a°F,,yf (8.9)
along those geodesic segments lying in §(s). Then  is given on S(s) by
P(x) = (%) = a(s) P<(s, %) = bya(s) 0 (2(s), %) P<(s, ). (8.10)

If we now substitute this into (8.6), and the result into (8.2), we obtain

(T, 6,5 = f ds f (eapTHw — 1 T + x7) AZ, +m[E,] ~ f (a0 +3b S ds,  (8.11)
8)

(

where p(s) s = f o (KT 1 9) 42, (8.12)

and SEA(s) T = 2J oM H T 4 PAYF) d X (8.13)
2(s)

These p* and S*2 are preciscly the momentum and spin tensors defined in §5 of I.
Equation (8.11) is the true analogue of (7.2), and we use it to suggest the appropriate pro-
visional definition of the moments of 7%/, By analogy with (7.7), we require

f o (g T, T4 487 dE, = (27) 4 f IE, Dk (8.14)

for arbitrary symmetric £, ,(z, X) satisfying (5.20), and any e,,(s, x) satisfying (5.19) and given
by Z,(E,,) in some neighbourhood of §(s). As before, we can use (5.22) to put (8.14) in an equiva-
lent form. Let H,,,,(z, X) be an arbitrary test field on 7'M over 7 satisfying the symmetry con-
ditions of (5.22), and let k,;,5(s, %) = Z,(H,,,,) in some neighbourhood of ¢ (S). Put

KApup
EK)l: = X’”'XVHK/U“,, euﬂ: = 0'70'8120,7/}8' (8.15)

Then on using (5.26) and (5.27), we get (8.14) in the form
f (s 0700 T2ue — i, Toe 4 3) A2, = (2m) f Jeuwfl, Dk, (8.16)
Z(s)

As was the case for (7.8), if any J’s exist satisfying (8.16) with (5.29) then they are unique and
give all the moments of 7% except for the monopole and dipole moments I# and I**#, We shall
show in §9 that such J-’s do exist, and that for any choice of I*# and I**#, the domain of depen-
dence of the right hand side of (8.14) on E, , is not enlarged when the restriction (5.20) is removed.
The support S of / [£,,] is thus given by (7.9), just as was the case for m[E,]. For the present we
shall assume these results and shall continue to follow the method leading from (7.8) to (7.20).

On substituting from (8.14) into (8.11) and using (5.2), we obtain

(T, $opy = I[E), ] +mlE] ~ [ (a, p*+ 3D $<) ds. (8.17)
Now from (8.1) and (6.2) we have
eaﬂ(‘s‘n x) = ¢cxﬁ(x) —V(uwﬂ)(‘s) x) (818)

in some neighbourhood of $(s). We wish to find an equivalent relation between E,, and the
corresponding images under Z2of ¢,; and w,. Following the analogy with § 7, it should be at this
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point that it becomes clear what choice to make for Z,* ,. However, in this case both choices (5.12)
and (5.13) will still seem equally natural, while it will no longer be possible to work with a general
Z,. We shall thus continue to work separately with both these choices for the time being, labelling
corresponding equations by a suffix (a) or (5). For later use, we shall not deal with (8.18) directly,
but instead with the original (6.2), of which (8.18) is a special case.

For a fixed value of s, we can express (6.2) as

Cop = eac/i"l'%ngaﬂ (8'19‘1)
or as cih = ¢ — L g*P. (8.19b)
If we decompose w* according to (6.69), we see from (6.70), (3.26) and (3.22) that L, commutes
with Exp 4. Also, since the A% of (6.69) is the solution of (6.54) with the initial conditions (6.55)

having 4, = 0 and B,, = 0, we see that this A~ satisfies (3.20) and hence L, satisfies (3.18).
Now choose tensorial test functions on 7'M over 7 satisfying

E,, = Expde,; and G,, = Expg,, (8.20q)

or E* = Exp4e+f and G* = Exp4 g*b, (8.200)

and also A< = Exp4 A%, (8.21)

in some neighbourhood of §, and such that E, . satisfies (5.20). Then if we put

Cop = Exy+ 3L, G+ $L4 G (8.22a)

or C\ = EAv — 3L, GM— 4L G, (8.22h)
we see that C,, = Exp4¢,, or C** = Exp4¢*# respectively, in this neighbourhood. Now

L,G,, = AV 4, Gy, + 26, Vi A%, (8.23)

and if we put M,: = G,, 4%, (8.24)

this becomes L,G,, = 2VuM,)— AV 4, G- (8.25)

The terms involving derivatives of A* thus occur in (8.22a) in the form of a symmetrized deri-
vative VM, to which (5.5) may be applied. On lowering the indices in (8.225), however, we

find that derivatives of 4, occur on the right hand side in the combination
g/lpg/w'LAGPU = AKV*KG/\/t - 2(V*KA(/\) Gﬂf, (8'26)

which cannot be similarly converted into a symmetrized derivative. On these grounds we adopt
the choice (a), and shall from now on work solely with this.

To use (5.5), we see that we need to know V,,M, and V., M, when X» = 0. To find these,
we first deduce from (8.204) and (3.16) that

é/\ﬂ(z’ x) = HaAHa

e (8.27)
We then use (3.11) and the coincidence limits of derivatives of H,, derived in the appendix

of I1. The result simplifies since A“(z, z) = 0, and we finally obtain

Ve, = VA, VM, = VA, when X =0. (8.28)

kN>
The convention on the right hand sides is again that V, A, denotes the coincidence limit of
V,As(x,z) as x = z. These can be further evaluated using (6.54), (6.55) and the definition of

A“in (6.69), togive gy VM, = Ve, when X\ =0, (8.29)

13-2
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Now return to the choice (8.1) for ¢4, and correspondingly write C,, as ®@,,. Substitute from
(8.224) and (8.25) into (8.17) and use (5.5) with (8.29) on the term I[V,,M,]. Also, since it is
A, and B,, rather than g, and b, that are arbitrary in our construction, substitute from (6.59)
and (6.62) into the final term of (8.17). If we then integrate by parts the terms in 84,/ds and
8B,,/ds, we finally obtain

(T, gy = 1[Dy,+ 34V 3 Gy — 3L G, ] +m[Ey] + [ ds{A (8p%/ds + §R5 ;5% SM0)
+ 3B (882 [ds — 2pvN)} — f ds{(1# — pPv) @y, + ([¥30 — §<Cy) V., &, 3. (8.30)
By analogy with (7.19), we now choose
v = pGp and I = Sy, (8.31)
which satisfy identically the symmetry conditions
e = [ [edp = [xAD [0 = () (8.32)

required by (4.7) and (4.10). This completes the definition of the moments, and makes the final
integral in (8.30) vanish.

We next want to use the arbitrariness of 4, and B,, to give the equations of motion. These arbi-
trary functions occur in (8.30) in a much more involved way than the occurrence of 4(s) in
(7.17), as they occur in the arguments of / and m as well as in the explicit integral over s. They have
been separated off in the argument of / into the term — }L,G,,. We must next perform a similar
separation in the argument E, of m.

From (8.5) and (6.69),

tp = A*F g+ E*F 5, (8.33)
and E, = Exp4e,. As in our treatment of (8.19), we shall treat each term in (8.33) in a different
way under the action of Exp4. We first introduce, for each z, a particular choice of vector poten-
tial for 4. In doing so, we use for the first time the Maxwell field equation

ViyFop = 0. (8.34)

Let 4,(z, ) be the vector potential satisfying
0%(z,x) 4, =0 (8.35)
in addition to Fo=V34,-V, 4, (8.36)

By multiplying (8.36) by o and using the techniques of the proof of (6.37), we then find that
d(uH*\ 4,)[du = uifH*, F ;. (8.37)

There is a unique solution of this which is finite at ¥ = z, and on comparison with (8.8) it is seen
to be given by
H2y 4,(2(5), %) = Dy(s, ). (8.38)
Hence, on using the convention of §3 of not distinguishing notationally between the fields @
and ® of (3.2), we have
®, = Exp44,, (8.39)
which with (8.36) and (3.11) gives Exp4F,; = — 2V, @, (8.40)

From (8.21) and (8.40), we thus see that the contribution to E, from the A*term in (8.33) is
—24%V 41, Py1.
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We turn next to the £-term. This may be rewritten as
£oF,p = Vy(E2d,) +EV, Ag— L Ap, (8.41)
on remembering that in L, 4, we must treat 4, as a vector at x and as a scalar at z. From (8.39),
and (3.22) with A* = £, we have Exp4 LA, = L,®,. (8.42)
It thus remains only to deal with the first two terms on the right hand side of (8.41). We do this
by showing that there exists a scalar field Z(z, X) on 7'M such that
ExpA[V,(E+4,) + £V, 4,] = Vo Z. (8.43)

The corresponding contribution to m[E,] can then be evaluated using (5.4). To prove (8.43),
we note that any other vector potential can be obtained from 4 ,(z, ) by adding the gradient of a
scalar. There must thus exist a biscalar 6(z, x) such that (4,(z, x) +90,6(z, x)) is independent of z.

Hence V, 4, = -V, 0. Since £%(z, z) is independent of x, we thus have

V(&2d,) + 6V, Ay = Vp(£24,— £V, 0), (8.44)
and so (8.43) is satisfied with Z = Exp4 (¢#4,— £V ,.0), (8.45)
asrequired.

In using (8.43) in (5.4), we need to know the coincidence limit of (8.44) as x — z. Coincidence
limits will be denoted by diamond brackets. Then {(4,) = 0 by (8.35), and so on using (II, A 15)

we see that also ( Lg A/;> _ v Y A,g) +< Aavﬂ £y = 0, (8.46)
Hence from (8.41), (Vp(E2d,) +EV, Ag) = (EF ) (8.47)
as required. On piecing together the above results, we finally obtain

m[Ey] = m[24%V 4, D g — LD, ] + [ ds g éFF,, (8.48)

in which the desired separation has been achieved.
Use & = A% in (8.48) and substitute it into (8.30). Since 4% and B** are arbitrary, the resulting
expression separates into two equations analogous to (7.18) and (7.20). We obtain

< Taﬁ" ¢ac,5’> = I[@/‘/t + %AKV*{/\ Gkﬂ}] + m[zAKV*[/\ (’DK]] (8'49)
and A BRS04 P 0Y) 4B 54— 200
= (2n) [ DE{3I*+L, G, + m L P, }. (8.50)

In (8.50), we have used (3.28) to bring L, outside the Fourier transformation. Equation (8.49)
will form the basis of the revised definition of the moments, while (8.50) decomposes into the two
equations of motion.

These are the most important equations of the theory. Before continuing, let us consider some
of their features. We have already seen that the allowed fields £*(z, x) include all Killing vectors
that the space-time may possess. So suppose that £%(«x) is a Killing vector field satisfying

LiF,;=0 aswellas Lyg,, = 0. (8.51)

We may then use it in (8.50), giving a £* independent of z, if we take 4, = §, and B,, = V. §,;.
However, (8.51) implies also that

LG,=0 and L, =0, (8.52)
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so that the right hand side of (8.50) vanishes. We thus recover equation (I, 5.5). But whereas
in I we could only derive those components of the equations of motion corresponding to conserved
quantities, we now see quantitatively how forces are produced by a breakdown of the symmetry
conditions (8.51).

Consider now equation (8.49). The concept of ‘reduced moments’ relies on the use of the
differential relations (1.31) and (1.32) to eliminate redundant components from the complete
moments. It is thus inherent in this concept that the gravitational and electromagnetic forces
described by (1.32) will occur in the definitions of the reduced moments of 7%/ even though they
do not do so in the complete moments. For this reason we do not expect the gravitational ana-
logue of (7.20) to be as simple as that equation; somehow the applied forces must enter. We see
in (8.49) how they occur; they are responsible for the A-terms. We show now that these terms
are remarkable in their simplicity. At a particular point z(s), set up a normal coordinate sys-
tem as in the discussion following equation (3.16). Then from that discussion and equations (8.40)
and (8.204), we see that the coefficients of 4% in (8.49) are simply the values in normal coordinates
of

Facﬂ and [“ﬂ, /)/] L= %a{dgyﬂ}‘

The first is simply the electromagnetic field tensor. The second is a Christoffel symbol of the first
kind, which is about the most naive and basic description of the strength of the gravitational field.
About the simplest way of giving a covariant meaning to a non-tensorial quantity such as [af, ]
is to evaluate it in normal coordinates. The coefficients of A% are thus about the simplest con-
ceivable measures of the electromagnetic and gravitational fields. This simplicity is regarded
by the author as ample justification for taking (8.49) as defining the reduced moments, despite
the fact that the explicit integral expressions for the moments to be given in the next section are
quite complicated.

It should be remarked that it is possible to proceed also with the alternative (8.205), which we
later abandoned. This yields simpler explicit integrals for the moments, at the expense of sub-
stantially complicating the analogue of (8.49). It is this choice that puts the equations of motion
in the form given, without proof, in Dixon (1973). At the time of writing that paper, I was un-
aware of the result (8.49) arising from the choice (8.204), and I now consider that this consider-
ably outweighs the extra complication of the explicit forms for the moments.

9. EXPLICIT EVALUATION OF THE MOMENTS

The next task is to fill in the logical gap left after equation (8.16), by proving that moments do
exist satisfying this equation under the stated conditions. We do this by obtaining explicit expres-
sions for the moments as integrals of 7%# over the hypersurfaces X (s). This involves expressing
hapyss ¥, and ¥ in terms of A, .»» Which we do successively. In this section we shall let (s), § and
& have the values given in (7.9).

From (2.25) and the Fourier inversion theorem, we have

H

K

(2 X) = (2n)*4fT HKMW(Z, k) exp (—ik.X) Dk. (9.1)

But also, by (3.15), hapys = O5F 0o ko Hyy (9.2)
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in some neighbourhood of S(s), since A,;,; = Exp 4,

o there. If we expand the exponential in

(9.1) in a power series, we thus see that

Boyps OV T AT, = (2m)~4 f DkHMw,,;] (=1 okt e (s)(9.3)

2(s) =0 n!
where the #’s are defined by

tae ki di(s) T = (—1)”fz(s)o"<1...o"‘n ot oty TwrdZ, i n > 2. (9.4)

To treat 1, we must first define a propagator O*#*(z,y) for each n > 2, analogous to the @«
n n

defined by (II, 5.55). If x(u) is any geodesic with affine parameter u, and if x(0) = z, (1) =y,
then we put .
?"M“'(z, y) = (n— l)fo oregi g yo?yn=2du for n > 2, (9.5)

where the arguments of the ¢”s are (z, x(«)). In flat space we get

@K)t,uv(z’ y) = gK(ltgl’)/\ (9.6)
for all » and all y, which is why the factor (n—1) is included in the definition. Now () is
defined, by (6.42) and (6.45), in terms of the solution of (6.38) when the functions a,(s) and b,,(s)
used in the initial conditions (6.48) are taken as zero. But under these conditions we showed that
(6.38) can be integrated once to give the simpler equation (6.52). We thus obtain ¥ from (6.52)
with e, given by (8.15). If we then further use (9.1) and (9.2), the resulting equation can be
explicitly integrated to give, for xeS(s),

i 1
= —2(2n)*H noe | Dk H —— (ik. o) OFTAY 9.7
2)/foc(x) ( 7T.') ax U OO f /\/wpnz:lo (ﬂ+ 1)! (1 O') nt2 ) ( )
where k.o : = ko, (z(s), x) and the arguments of all bitensors are (z(s), x).
To evaluate y(x), we must substitute (9.7) into (8.9). To integrate the result, we need yet
another propagator, defined in the notation of (9.5) by

1
DM (z ) = (n+ l)f F,,H*H? @\vyndu for n> 2. (9.8)
n 0 n

We then find that for x€S(s),

et 1
= 9(21) 4 prH — (ik.o)r PrTAY .
;\{(x) ( 7t) V0,00 J‘ k ,\,wpnzjo (n+1)!(n+3) (lk 0') n?2 s (9 9)
where again the arguments of all bitensors are (z(s), x).
From (9.7) and (9.9) we sce that
B Fap == —4 - ﬂ K1 e Kp AVRPT
L(s)[xs Tery,]dE, = (2r) quDkHM,,,pn%O Ak g (0.10)
where, forn > 2,
1
K1 oo Kp ApY — —1\n Ky Kn »A af A B
e = 9(— 1) L(S)a o [?p HL, T+ P00, ]dzﬂ. (9.11)
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Taken together with (9.3), we thus see that (8.16) holds under the required conditions if

1
n+1

JE1-kn Apvp — ey kglAlvpdpl 4 pl{l...Kn[/\[V/t]p]‘rvT for n > 0. (9'12)

These are easily verified to satisfy the required symmetry and orthogonality conditions (5.33)
and (5.36). It remains to check the behaviour of ¥ for large &%, and the assumptions made con-
cerning the support of the functional /. To do this, we must evaluate the moments /- using (5.35)
and then explicitly sum the series for 7« given in (4.16). The method of summing the series follows
that used by Dixon (1967) in the derivation of equations (3.34) and (3.35) of that paper. The re-
sulting lengthy expression has little intrinsic interest, and so it will not be given here but only the
conclusions that can be drawn from it, as the method of arriving at them is well illustrated in the
earlier paper. We can first deduce that 7¥A(s, k) diverges as k — oo at most quadratically in k. As
this guarantees the convergence of all the k-space integrations, we can then substitute this ex-
pression for 7<% into the right hand side of (8.14). The k-space integration turns out to be easily
evaluated using the Fourier inversion theorem even when £, , is not required to satisfy (5.20),
the result then being an integral expression involving E, , itself. The support S of the functional 1
can be read off from this expression, and is seen to be as given in (7.9), as required.

This completes the proof of the existence of the reduced moments as provisionally defined
in §8. We have incidentally obtained explicit expressions for them, but these are somewhat
unwieldy. Their importance lies mainly in their mere existence; for theoretical work with the
reduced moments, one will generally use instead one of the defining relations (8.14) or (8.49).
It is for this reason that the simplicity of (8.49) is considered to outweigh the complexity of the
integral expressions, as remarked in the previous section.

10. STATEMENT OF THE MAIN THEOREM

We can at last state and prove the main result of this paper, namely the uniqueness theorem
for the reduced moments of 7%, Since the defining relation (8.49) involves the moments of J*
as well as those of 7%/, we shall state the result as a combined theorem for both fields, although
the part referring to J* has already been proved in §7. The theorem will be stated in as self-
contained a form as possible without undue repetition of lengthy definitions and conditions, and
clear reference will be made to any previous statements when required. In this way the state-
ment of the theorem can also act as a summary of the work of the paper so far.

Consider a space-time manifold M containing an electromagnetic field described by an anti-
symmetric tensor F, satisfying

VieFp, = 0. (10.1)
Suppose that this space-time contains a charged body of finite extent, occupying a world tube W.
The theorem connects two alternative descriptions of such a body, provided that it is not too large.
For simplicity we also assume that the body is convex. These restrictions are made precise by
requiring W to satisfy the conditions given in the fourth paragraph of §7.

The first description is in terms of a charge-current vector J* and a symmetric energy-momen-
tum tensor 7%, These are required to be of class C, i.e. to have continuous first derivatives. For
convenience, we shall also suppose that J* and 7% are both nonzero throughout I, so that they

each have support W.
The second description is by two infinite sets of multipole moments, given as tensor fields
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along a C timelike world line /. We parametrize [ as z*(s), where s is not necessarily the proper
time, and write the moments as m*1--*n#(s) and I #*(5). They are defined for each n > 0, and
are required to satisfy the symmetry conditions

mhetnt = e Ade for p> 2
(10.2)
and m(MmAn/‘) =0 for nz 1,
and T gy — I(Ar"/\n)(/“’) fOr nz 0,
(10.3)
I =0, and [Y-amy =0 for n> 2.

But / alone is not a sufficient reference frame to which to attach the moments. In addition, we
choose a (= field of timelike unit vectors n* along /. The moments are then required to satisfy the
orthogonality conditions
n,\lm"l""‘n—ﬂ"n/‘] =0 for n>2
nz3 }

. 10.4
and n/\IIAlmﬂn—z[’\n-ﬂ/\nl‘] M1=0 for ( )

In the second of equations (10.4), the antisymmetrization denoted by the square brackets is over
(Ap—1, ) and (A,,v) independently, in accordance with the notation of Schouten (1954). The
choice of / and #»” is fairly free, but we require them to satisfy certain geometrical restrictions
which are again given in the fourth paragraph of §7.

The two descriptions are linked through the use of the moment generating functions #* and
I'v defined by

s k)= 3k i) (10.5)
n=0

and u(s k): = % (;:)nk,ﬁ...kKnI"l-“"n"ﬂ(s), (10.6)
n=0

where k% is a vector at z2(s). As a further condition on the moments, we suppose that for each
fixed s, these functions diverge as & — oo no faster than a polynomial in k. We see that m*
and I*# are not true tensor fields on M; their domain of definition is really that part of the
tangent bundle TM of M over {. They are such that their value at Xe7,(M) is a tensor on M
at z. As discussed in §2, a field with this property is said to be a tensor field on TM over 7, where
7: TM — M is the projection map of the tangent bundle.

If E (indices suppressed) is such a tensor field, its Fourier transform £ is defined by

Bz = f  E(z,X)exp (i£'X,) DX, (10.7)

where DX is the scalar volume element on 7, defined by (2.18). This is again a tensor field on TM
over 7. Using this, we now define two functionals m and I. Their domains of definition are the
spaces of all tensor fields on 7'M over 7, of the appropriate type, which are of class C* and of
compact support. They are given by

m[E,\]: = (2n)“4fdsz | wA (s, k) Ey(z(s), k) Dk (10.8)
and I[E,,]: = (2x) "4fdsz (s, k) E,\/‘(z(s), k) Dk, (10.9)

14 Vol. 277. A.
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where E,, = E,,,. The above assumption on the behaviour of 7ii* and I*# ensures that these
integrals are absolutely convergent.

We next define two functionals associated with J* and 7%, but these are much simpler. If
¢, and ¢,, are C* tensor fields on M of compact support, and @, = ¢(,z, we put

(5.5 = [ Jrpor/(—g) dix (10.10)
and (T, o> = [ T 5 (—g) dix. (10.11)

The linkage is then completed by expressing (10.10) and (10.11) in terms of m and I, but
before doing so, we must first define an auxiliary bitensor field A%(z, x). This has scalar character
at z and vector character at x, and such a A* is to be associated with every ¢,,. It satisfies two
conditions. First, that

Ayg=>0, VAg—¢,p >0 as x-—z (10.12)

Secondly, for each ze W, if x(u) is a spacelike geodesic through z, then A*(z, x(u)) satisfies

P 2/\a + R pys PRV = 2BV 5, (10.13)
along that portion of this geodesic lying within W. Here, 4*: = dx*/du, and the notation { }
around the indices is defined in appendix 1. These conditions determine A%(z, x) completely
for all pairs of points z, x € W which have spacelike separation. We continue A* arbitrarily to all
other points, subject only to its having class C.

Two further definitions are needed before we can state the main hypothesis of the theorem.
Let N be the region of 7M on which the exponential map is well behaved. (This is defined
more precisely in §3.) If ¢=-; (z,x) is a bitensor field on M with scalar character at z, and if
@r-, (z,X) is a tensor field on TM over 7, we say that @ = Exp4 ¢ in a region R < Nif

Py (2, X) = (—038) . HEy L oy (2,%), (10.14)
where ¥ = Exp X, for all (z, X) € R. The inverse relation is written as ¢ = Exp_ ®. Here,
O o = 0%0[0x* 02",

where o is the world function biscalar, and /%« is the matrix inverse of ( — o, ). A simple interpre-
tation of this using normal coordinates is given in § 3. Also, for any tensor field on 7'M over 7, we
denote partial differentiation with respect to the components of the argument vector X* by
Vi asin (2.16).
Now let §” be a bounded closed subset of T'M satisfying §" < N. Suppose that the functionals
(10.10) and (10.11) satisfy
(J% o = m[P,] (10.15)
and < Taﬂ’ ¢a/i> = I[q)/\/t + %AKV*{/\ Gk/t}] + m[/}’ff;/l] <10' 1 6)

whenever @,, @, ,, G,,, f;, and A« are all C* tensor fields on TM over 7, of compact support,
which satisfy
D, = Expid,, P, =Expid,, G, =Expig,, }

10.17
f;\,u = EXPA Fa;ﬁ and Af = EXPA. A ( )

in some open neighbourhood of $§’. Suppose further that no closed subset of $” also has this
property. Then
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(i) Itis necessarily true that J= and 7% satisfy
V,J* =0 (10.18)
and VT4 = —F*b ], (10.19)

Conversely, if these equations are satisfied, then moments m~ and I+ and a region S’ do exist
satisfying all the conditions of the theorem.
(it) The region §” is unique and is given by
§" = U Exp;d (Z(s) n W), (10.20)
where 2(s) is the hypersurface formed by all geodesics through z(s) orthogonal to #(s).
(iii) The moments are all uniquely determined, and for a given value of s they depend on J*

and 7%f only through their restrictions to Z(s) n W.
(iv) The lowest three moments have the special forms

mt = qut, I = pRpn) KA = SKQAym, (10.21)
where §¥4 = —§* and v* = dzA/ds.
(v) The s-dependence of these lowest moments is uniquely determined. We have
dg/ds = 0, (10.22)

and 8p~/ds and 8S%}/ds are determined by (8.50).

(vi) gisthe total charge of the body, while p© and §** agree with the definitions of total momen-
tum and angular momentum deduced in I on other grounds.

(vii) There are no other algebraic or differential relations between the moments, as a conse-
quence of the ‘conservation equations’ (10.18) and (10.19), other than those given in (v).

In connexion with (iii), explicit expressions for the m’s were given in II, while explicit expres-
sions for the I’s were derived in §9. The equations of motion referred to in (v) are considered in
more detail in §§12 and 13 below.

11. THE UNIQUENESS PROOF

We now turn to the proof of those parts of the above theorem that have not yet been demon-
strated. The converse part of (i) has already been proved, and result (ii) is shown by the same
method as used in §7 for the corresponding result for J* alone. We can thus again take S = §,
and let §, § and $(s) be unambiguously given by (7.9). Note, incidentally, that (ii) follows
either from (10.15) or (10.16), so that it is not invalidated when we consider the case F,; = 0,
when all reference to J* can be deleted from the theorem. So, as for J*, we turn to the proof of
(iii). The uniqueness of the 7’s has already been shown; this leaves that of the I’s still to be proved.
We do this by deducing both the provisional definition (8.14), and also (8.31) with (8.12) and
(8.13), from (10.16). The method follows that used in § 7 for J*, but has additional complications
due to the A-terms in (10.16).

Asin (8.14), let E, , be an arbitrary symmetric tensorial test field on 7'M over 7 satisfying

X'E,, = 0. (11.1)

Choose a symmetric test function e,4(s, x) which satisfies
T%,, = 0 (11.2)
identically, and E,, = Expie,, (11.8)

14-2
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in some neighbourhood of §. From it, construct the functions €ap(5, x) and w (s, x) of (6.2), using
the method which starts in the paragraph containing (6.38). In so doing, the functions v, (x) of
(6.39) and a,(s) and b, = by(s) of (6.48) will be chosen arbitrarily. From these, we then con-
struct ¢,45(x) by (6.43), ¥, (x) by (6.45) with (6.42), 4,(s) and B,,(s) by (6.56) and £*(s, x) by
(6.70).

We shall apply (10.16) with this choice of ¢4, but we must first show that we can modify the
defining relations for A* without affecting the validity of (10.16). This is done in two stages. From
(5.6), (5.7) and (10.17) we first note that the right hand side of (10.16) depends on the values
taken by A%(z, x) only for ze /. We can thus replace A*(z, x) by a more restrictive function A%(s, x)
corresponding to z = z(s). We next show that if we alter (10.13) by replacing ¢,,(x) on the
right hand side by ¢,4(s, x), we do not affect the value of the right hand side of (10.16). From (5.6)
and (5.7), we see that this is the case provided that the alteration does not affect the values taken

by Ly Veu(X'L), Loy Veu(X'L,) and Vy,,(X<XAL) (11.4)
on §, where Lot = ANV 4 Gy, Lyt = A4y, (11.5)

Now A« is a special case of the w* of § 6, corresponding to taking 4, = 0, B,, = 0 in (6.55). The
result (6.63) is thus applicable, and it shows that the replacement concerned does not affect the
values of A, and VA, for x € §(s). This is sufficient to show that the first four of the five expressions
in (11.4) are unchanged on §. It remains to consider the final expression. We deal with this by
showing that X*X4L,, is identically zero for all A#, so that this term is certainly unaltered.

Since X* = — Exp4 g%, we get from (10.17) that around S,

XGy = X, = X¥g,5. (11.6)
By differentiation, this gives XV, Gep = ga— G- (11.7)
With (11.6) this gives XX Wy, Gy = XXV, Gy = 0, (11.8)
and hence with (11.5), X<XAL, =0 (11.9)

identically, as required. This completes the above proof. On checking the various definitions
involved, we see that we can now take
A% = o — g2, (11.10)
With this choice of A%, and with ¢,, constructed as specified above, choose tensor fields
D5 Grp fr, and A% on TM over 7 in accordance with (10.17). Now observe that (10.17) and
(11.3) agree with (8.204) and (8.21), and that (11.10) agrees with (6.69). It thus follows, as in
§8, that if C, , is defined by (8.224), then C,, = Exp“¢,, in some ncighbourhood of §. Together
with (5.39), (6.6) and (6.43), this gives
1[9,,] = I[Cy,]. (11.11)

But for the same reasons, (8.28) holds if M, is defined by (8.24). On using these together with
(5.5) and the identity (8.25), we then obtain
1[®,,+ 34V sG] = I[Ey, + 3L Gy, 1 + [ ds[IV) A, + T4V 4 A, ] (11.12)

The final step in treating this term of (10.186) is to substitute for A* from (11.10). To do so, we
need to evaluate the coincidence limits {V(, £4)> and (V ,;£,)), using the diamond bracket nota-
tion as in (8.46) and (8.47). This may be done from (6.70) using the results of the appendix of
IT, and we find that both are zero. Hence (11.12) becomes

I[P, + 34V 3 G y] = I[E,,+3L:G),] +fds[["/‘V,\a)ﬂ+I“A/‘VMwﬂ]. (11.13)
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We turn next to the electromagnetic terms in (10.16). From (10.17) and (8.40) we see that we

can take
f/\,u = _2V*[A®/L]’ (1114)

where @, is defined by (8.8). Also, if we define ¢, and £, as in (8.5) and the following sentence,
the steps leading from (8.33) to (8.48) all remain valid. We thus get from (8.48) and (6.70) that

m[Af,2] = m{E)y + Ly ®,] - [ ds g AF,,. (11.15)

To continue, we must first note that (8.2) remains true, with a slight modification, with the
present definitions and with p* and S** still defined by (8.3), even though (8.1) is now replaced
by the weaker condition (6.43). The modification is the replacement of the final term by

— | v, VT8 d4x,
[7aV

needed since we are no longer assuming (5.11). Similarly, the steps from (8.5) to (8.10) still
hold, using the definitions there given. We can thus substitute for the three terms of (10.16) from
the modified (8.2), and from (11.13) and (11.15). Do so, and then substitute for m[ E,] in the result
from (8.6), and for ¢ from (8.10). If we define p*(s) and S¥A(s) as in (8.12) and (8.13), the final
result can be put in the form

fdsf (€qp TFwY — i, T + ¥J7) A2, = I[E, , + LG, ,] +m[L; D,] +fds[l"#V,1wﬂ
+ IV g0, + a p + §by SN — g AFF,, ] +fva(V/; b + FoPYp) dix. (11.16)

The required results all follow from this on using the arbitrariness, for given ¢, of a,(s), b,,(s)
and v,(x). The other variables occurring in (11.16) which depend on these arbitrary quantities
are £% w, and A%, their dependence being given by (6.39), (6.56) and (6.70).

We first consider the special case E,, = 0, ¢,5 = 0, a, = 0, b, = 0. We may then take (s, x)
as independent of s by (6.38) and (6.48), and hence by (6.39) we have w,(s,x) = v,(x) for all s.
This also implies ¥, = 0 by (6.45) and (6.42), and hence y = 0 by (8.9). For this case, (11.16)
thus reduces to

I[3L, Gy, ) +m[Ly @) + [ ds [IAV,0, + IV v, — g AF 5] = — [v,(V, T + F*AY,) dtx, (11.17)
where £2 is given by (6.69) and A, =v, B, =V (11.18)

The left hand side of (11.17) thus vanishes if v, = 0 in the neighbourhood of the world line /.
Since V, T*# + F*#; is continuous by hypothesis, (11.17) can thus hold for all v, only if both sides
are identically zero. The vanishing of the right hand side gives (10.19), and completes the proof
of result (1). We now consider the implications of the vanishing of the left hand side.

For this, it is convenient to use temporarily a coordinate system in which /is given by z¥ £ con-
stant, £ = 1, 2, 3, and to let latin indices run only through the values 1, 2, 3. Since we can specify
v, separately on each hypersurface 2° = constant, subject only to restrictions of continuity, we
see that along / we can give independent values to v, and its spatial derivatives

0V OgVs oo e

Consequently, while keeping v, and V,», fixed along /, we can still vary Vv, arbitrarily.
Since second derivatives of v, occur in (11.17) only in the term involving I*V ;v , this arbi-

trariness implies . :
1) = 0, (11.19)


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on March 12, 2013

112 W. G. DIXON
Butfrom (10.3), 2]0 v 4 A = 0, ' (11.20)
and hence (11.19) implies Ink £, (11.21)

Now by construction, v* Z 0, and hence (11.21) can be written in the covariant form
(A5 — kek,) (A} —K\k,) Imve = 0, (11.22)

where £% is a unit vector in the direction of »A. Since [#* = [0 on expansion of (11.22) we see
that /##* has the form
N2 Sﬂ(Kvl) (1 123)

for a suitable tensor field $#<(s). On substituting (11.23) into the second of the conditions (10.3),
we see that §» must be antisymmetric. This proves the part of (iv) referring to Ix\x,

Let us now briefly return to (11.16) itself, and use (11.23) to simplify the relevant term in this
equation. Together with (6.55) and (6.60), we find that it gives

I, 0, = 38 (as; B, - bK,\) — 1R, ,, S vndr, (11.24)

KApY
In the special case of (11.17), this is applicable with v, = v, b,, = 0, and on using it we obtain
the left hand side of (11.17) in a form which no longer involves second derivatives of v,.

The terms in (11.17) involving first derivatives of v, now divide into two groups, those only
involving B,, = V|, »,;, and those only involving Vv, The second group consists only of the
term in I*#V,v,. Now we saw above that along / we may specify v, and V, v, arbitrarily. It is
easily seen that this is equivalent to giving A, and B,, of (11.18), together with V,v,, arbitrarily.
The identical vanishing of the left hand side of (11.17) implies that the coefficient of Vv,

vanishes, and hence
I 2o, (11.25)

On treating this similarly to (11.19), we find that there exists a vector field p*(s) such that
e = pRym, (11.26)

which completes the proofofresult (iv). We now also use thisin (11.16), by deducing from (11.26),
(6.48) and (6.55) that

'y, = pM8A,[ds — a,) + v B, (11.27)
This is again applicablein (11.17) with w, = »,, @y = 0. The resulting form of the left hand side of
(11.17) involves v, only in the form of 4, and B,,, both of which are arbitrary. On integrating
by parts the two terms involving s-derivatives of 4, and B,,, we then recover the equations of
motion (8.50), except that p< and S are replaced by f* and §%* respectively. This is the required
result (v).

On using these above results, we can simplify (11.16) to the form

[ds [ (eap TAw? — 1, T +x&7) AT, = I[Ey, ] + [ ds [a (¢~ p*) + $b,a (52— 5], (11.28)
The arbitrary fields @, and 4,, occur only in the final integral, which must thus vanish identically,

giving o
pro=pc, S = Sk (11.29)

which is result (vi). The remainder of equation (11.28) then gives the integral over s of (8.14),
from which (8.14) itself can be derived following the method used in § 7 to similarly treat (7.29).


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on March 12, 2013

EXTENDED BODIES IN GENERAL RELATIVITY. II1 113

Since (8.14) was our provisional definition of the moments of 7%/, this completes the proof of
result (iii).

It remains only to prove (vii). This is equivalent to showing that we have extracted all the in-
formation contained in (11.16) and its electromagnetic analogue (7.28), so that these equations
are identically satisfied. A scrutiny of the above calculations shows that this is indeed so. Alterna-
tively a direct proof could be given, as was done for result (vi) of § 7. This completes the proof.

12. EQUATIONS OF MOTION

We now study in more detail the equations of motion given by (8.50), so as to obtain separate
equations for 5p*/ds and 85*#/ds. We first show that its right hand side has vanishing contributions
from I¥A I**# and m?, so that p*, $¥* and ¢ appear only on the left hand side of this equation.
On using (I, 7.2), we find that the contribution from these moments to this right hand side is

ML G ) + MKV, LGy + Ly (12.1)

The third term of this vanishes by (8.42) and (8.46). Fach of the other two terms can be seen to
also vanish, by the same method, on using

<GK/\> = &ins <VocGK/1> =0 and <V/¢GK/1> = 0> (12'2)
which follow from (10.14), (10.17) and (II, A18).
Let us now write o (—i)n
D= 3 Sk ok TR (12.3)
n=2 M. ! n
’ $o(=)n
and A= 2 ko kg mEka (12.4)
n=1 MN: ! "

which differ from 72 and 7 only by the omission of the first two and one terms respectively. Then
the above calculation shows that we can replace I** and 7i* in (8.50) by [+ and #* respectively.
Note also that (4.17) and (4.18) imply the identities

Fafy =0, K, =0, (12.5)
from which we can deduce by differentiation that
jf»‘[t = _kav*# KA m/l, = __k/lv*ﬂm/\. (12.6)

Since equations (3.26) and (6.70) agree, we can use (3.27) to evaluate the Lie derivatives in
(8.50). The coefficients of the arbitrary fields 4, and B, can then be separately equated to zero to
give the two desired equations of motion. After an integration by parts and the use of (12.6),
the resulting equations can be put in the form

prlds = %‘UAS/“'RK/\/IV - qv/\FK/\ + (215) _4J Dk {%jhﬂvx*a/\,u + m/\vk*éh} (127)
and SSKA/ds = 2p[K vyt 2 (271') ! f Dk {G/UJ[K V*/\} j/w - @/LIK V*/\] m,u}, (1 2. 8)
Whel‘e d)K/\: = 2V*[/\¢K13 GKA#: = %V*(KG/AA}' (12.9)

The new fields defined in (12.9) are just the coefficients of A* in (8.49). They have a simple in-
terpretation, which was discussed in the paragraph following equation (8.52). Note that @,,
is the f,, of (10.17); the notation @, seems more coherent, but it could not be used in §10 as
®,, there had a different meaning.
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An equivalent but slightly simpler form can be given to these equations with the use of general-
ized functions. Although the inverse Fourier transforms of /*# and 7" do not exist as ordinary
functions, they do exist as generalized functions (distributions). They are real, and have compact
support on each tangent space 7. It is actually more convenient to use the inverse Fourier
transforms of their complex conjugates rather than of these functions themselves. We shall denote
them by 77 (5, X) and JA(s, X) respectively, due to their close connexion with the corresponding
tensor fields 7*#(x) and J*(x). Then on using (2.27) and (II, 2.6), we can write (12.7) and (12.8)

as
8pfds = AR o,y — P Fp + [ DX[F TV o Gy + SV @) (12.10)

and SSK/\/CIS = 2p[K1)M+QJDX[j/‘@ﬂ[AXK]— T”VGIW[/\XK]]. (12.11)

In this form the expression for the couple, given by the integral in (12.11), shows up as the
moment of an ‘apparent force density’ N
Jr®,, — TwG,,,. (12.12)
When viewed in normal coordinates about z, as discussed in § 8, this bears a remarkable resem-
blance to the right hand side of the form

LayOp T = Ky, — T/ Py, o] (12.13)

of the conservation law (1.32). Note, however, that the ‘apparent force density’ given by the
integrand in (12.10) differs from (12.12). This is perhaps to be expected, since the corresponding
‘apparent momentum densities’ used in the equations (8.12) and (8.13) which define p* and
$«A also differ.

13. MULTIPOLE APPROXIMATIONS

The forms of the equations of motion given in the preceding section are exact. Consequently,
they are valid even for ‘massive bodies’, when the fields g,, and F,; include self-contributions
from the body whose motion is being investigated. But they are rather difficult to handle, since
they involve an integration whose integrand contains an infinite series in the multipole moments
ofthe body. Now if the external field, i.e. that due to all bodies other than the one under considera-
tion, varies sufficiently gradually over a spacelike section of the body, we might expect that the
contributions from the higher order moments would be negligible. This speculation is based on
the corresponding Newtonian result, in which theory the separation of the external field from the
self-field is trivial, and the vanishing of the resultant self-force and self-couple is easily proved.
In general relativity, however, there is no natural way of separating the external and self-fields.
As a result, the above speculation is difficult even to formulate in more precise terms unless the
self-field of the body is negligible. In this case the body is called a ‘test body’.

In the present section we shall restrict ourselves to test bodies. The author hopes to return to
the case of a massive body in a subsequent paper. The external fields are then the full fields
appearing in (12.7) and (12.8). We shall thus suppose that G, and @, vary slowly throughout a
neighbourhood of §. This may be made precise by the method used by Dixon (1967, §6) for
the case of special relativity, and the techniques used there may then be used to justify the above
speculation for this case. A good approximation to the equations of motion is thus obtained by
truncating the series (12.3) and (12.4) for /*# and " after only a finite number of terms. If the
highest order terms retained involve the 2¥-pole moments, this is known as the 2¥-pole moment
approximation.
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When this is done, the £-space integrations in (12.7) and (12.8) can be performed explicitly.
Consider the contribution to the integral in (12.7) from the 2”-pole moment of 7%, We first
use (2.17) and (2.20) to show that

kalc,,1 ik, Ve Gy, = V,chkk,,1 ok, Gy, (13.1)
But by repeated use of (2.27) together with the Fourier inversion theorem, we also have that
(=i)*[Dkk,, ...k, Gy, = (21)4[Vao. ., Grp(2 X) ] xm0- (13.2)

This right hand side is an ordinary tensor at z. On using (10.17) together with the interpretation
of the relation (8.16) given in the paragraph following that equation, we see that in any normal
coordinate system with pole at z, this tensor reduces to the repeated partial derivative

avl...vng)\y(z)'

‘The unique tensor field satisfying this is the nth extension of g, ,, introduced by Veblen & Thomas
(1923), and we follow them in denoting it by g;,,,,...,,- Extensions are also discussed by Schouten
(1954, ch. III, §7). Note that the first extension of a tensor is simply its covariant derivative,
but that higher extensions are not simply repeated covariant derivatives. Some formulae useful
in calculating such higher extensions are given in appendix 2. We have now shown that

( ~i)nkakv1 kvnvk*é/\,u = (zn)4vxg/1/t, Vievpt (133)

The corresponding contribution from J* requires the evaluation of [Vy,, , @]x- This
differs from (13.2) in that @, is not the image of any tensor field under Exp4; instead, it is defined
in terms of F,; by (8.8). We deal with this by expressing it in terms of @, , by (12.9), and then
recalling that @, , = Exp4 F,,. From (12.9), we have

V*v, vip ¢[L - V*/wl...vnAl ¢Vn = V*vl...vn_l ¢Vn)t' (13‘4)
But from (8.85) and (8.39) we get X?®, = 0, which by repeated differentiation gives
va*vl...vn,u (pp + V*vl...vn (pp + nV*/t(V,_...Vn_l Qvn) = 0. (135)

If we evaluate (13.5) at X» = 0, we can use it to symmetrize (13.4) over v, ... ¥, to give

n
[V*vl,..vnq)/l]}ﬁ:() = mFA(vl, Vaunvp)® (136)

The corresponding integrations in (12.8) are straightforward. We thus see that the equations
of motion in the 2¥-pole moment approximation are

181 N n
Spklds = %UASM'RKA/:,V - QUI\FK,\ + ,éng?;z_' v A,HVK xpvy.ovp + n§1 m mvl...vm\VKF/\(Vh o)
(13.7)
] N-11 N~-11
and SSK/\/ds — zp[/\y/\] +n§1 Hglr[/(l)t],ol.../)n ’lwg(av,,u} Pronbn + 2n§0 n_!ga[Km/\]pl...pn/tFo'/‘,plmpn_ (138)

This is the final form in which we give the equations of motion. The advantages of this treatment
of the multipole approximation over that of other authors were discussed in the Introduction.
In a flat space-time in a Minkowskian coordinate system, when the forces are purely electro-
magnetic, both the covariant derivative and extension operations reduce to partial differentia-
tion. The above equations then reduce to those obtained by Dixon (1967) for that case. The

15 Vol. 277. A.
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tensorial extensions needed to evaluate (13.7) and (13.8) in the octopole approximation are
given, from the results of appendix 2, by

oo = ~8Rsopi Grpvir = = Vo Riip } (13.9)

F/\//,,v = VVF/I,ua F/\/L, vp = V(Vp)FM/,'I'%FL.r[/\R/A(Vp)o"

We may give a general form for the gravitational terms in (13.7) and (13.8) if we work only to
first order in the curvature tensor. From (A 2.4) and (A 2.7) we see that

= _—VV(V:;...V”'RPUV]‘ +O(R2) (1310)

g/\/x,. VieeVp n+1 vo)

ifn > 2. For the cases n = 2, 3, the O(R?) terms are absent and we recover (13.9), but they are
nonzero for n > 4.

Finally, let us see how to recover the Newtonian equations of motion from (13.7) and (13.8).
These arise from the equations governing the purely spacelike components of p, and $¥*, as the
equations governing p, and $% are energy equations. The recovery of Newtonian results from the
latter requires a more detailed investigation than we wish to give here. We shall let latin indices
run from 1 to 3, and shall consider only the purely gravitational case.

To the required order, the only component of the metric tensor which differs significantly
from the Minkowskian values g, = diag (1, — 1, — 1, —1) is ggo. If ¢ is the Newtonian gravita-
tional potential, we have gy, = 1+ 2¢. We evaluate the moments by treating the space-time as
flat and taking n¢ = 0. Equations (5.35) and (5.36) then show that I*1~”»# vanishes, for n > 2,
if three or more indices are zero. Taken together with the above remarks about the metric, this
shows that the only I’s that contribute to the equations of motion in this approximation are
I-an00 y > 2. To evaluate these, put 7% = p, the Newtonian mass density, and define its New-
tonian moments as in (1.9). Then we obtain from §9 that

Jar-ap00 — M. (13.11)
ifn > 2, and from (8.12) and (8.13) that _
po == m’ S(IO = m(l' (13.12)
We also have, to this order, that
Pgo = aa ¢’ 1‘&) = 6(z¢9 RaObO = aabqs' (1313)

The Newtonian velocity v,, and the momentum p, and spin S, of (1.4), can be identified with
the purely spacelike components of v*, p* and $§*# respectively. However, because of the signature
of our space-time metric, this identification must be performed with all the relativistic indices
being superscripts, otherwise discrepancies of sign will occur. If the above values are now sub-
stituted into (13.7) for k¥ = 4, and (13.8) for k = ¢ and A = b, we obtain the Newtonian equations
(1.7) and (1.8) as required.

14, DiscussioN

It is unnecessary to conclude with a summary, since one is contained in outline in the Intro-
duction, and in more detail in §§ 10 and 13 together, so that instead, it is sufficient to make some
general remarks. This paper concludes the main programme of work initiated in I (Dixon 19704)
and continued in IT (Dixon 19704), giving a detailed analysis of the moment structure of the
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energy-momentum tensor 7% and charge-current vector J* of an extended body in general
relativity. We saw in the Introduction the difficulties that arise if unsuitable moments are used
in the equations of motion, and we there noted guidelines that suitable moments should satisfy.
We have now found such moments, the reduced moments of 7% and J#, and have expressed the
equations of motion in terms of them. In the course of doing so, it has become clear that the
original guidelines we laid down are so restrictive that there is little arbitrariness left in the
choice of moments. It should thus no longer be surprising that the a priori guesses used in the earlier
theories discussed in the Introduction turned out to be unsuitable. By turning the problem around
and first studying the moment structure of the body, we have been able to avoid all the difficulties
of these earlier theories, and to give an explicit form for the equations of motion correct to any
desired multipole order.

One slight inconsistency in notation between the three papers needs to be mentioned. In
parametrizing the world line [ as z*(s), we took s to be the proper time in I and II, but in the
present paper we have left it arbitrary. This choice gave rise in I to the factor y appearing in the
equations (I, 7.4) and (I, 7.5), which was introduced to simplify the treatment given there of
energy transfer between the field and the body. It also caused a discrepancy of a factor of y
between the moments of J* as defined in II, and as used in I. By leaving s arbitrary in the present
treatment, we are leaving an undetermined scale factor in all the moments; a change of variable
s = 5" would multiply all the moments except p%, $* and ¢ by ds/ds’. If we take s as the proper
time, we get agreement with IT. If we determine s so that v*u, = 1, where u, is a unit vector parallel
to p,, we get agreement with I. The equations of motion are invariant in form under such a
change of parameter. Incorporating this factor of y into the choice of s thus gives the advantages
of the scaling of the moments used in I without the disadvantage of the scaling factor appearing
explicitly. The development given in IT holds also, almost without alteration, for a general choice
of s.

Further consequences of the equations of motion will be developed in a later paper. This will
include a treatment of energy absorption along the lines indicated in outline in I.
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APPENDIX 1. SUMMARY OF NOTATION AND CONVENTIONS

Space-time is considered as a four-dimensional pseudo-Riemannian manifold of class C*,
with metric tensor g, ; of signature — 2 and Riemannian connexion I,. Covariant differentiation
is denoted by V,, partial differentiation by 0,. In repeated differentiation, the kernel V or 0
is only written once, e.g. V,;4,: = V,V,4,. Here, as elsewhere, a colon placed before an equals
sign indicates that the equation is to be regarded as defining the quantity on the left hand side.
The scalar product g,,a*b of two vectors is written as a.b. The unit tensor is denoted by A43.

Symmetrization and antisymmetrization of indices is denoted by () and [ ] respectively,
indices to be omitted from these operations being enclosed between vertical lines, e.g.

A[a}ﬁl'y] = %(Aacﬁy—A-yﬁa)' (A 1.1)

Both of these symbols may be used around any number of indices. In addition, we define two
special index permutations, for three and four indices respectively, by writing

A{aﬂv} = Aaﬂv
and A[a[pyl 0= 2 dapys—Aypas— Ausys+ Aysap)- (A1.3)

In these, as in most of our conventions, we follow Schouten (1954).
The sign of the curvature tensor is such that the Ricci identity for a covariant vector 4, is

"Aﬂya+Avaﬂ (AI'Q)

Vigpdy = = §R;5 4;. (A1.4)

The electromagnetic field tensor F,; is taken such that in flat spacetime, with Minkowskian
coordinates with metric tensor g,, = diag (1, —1, —1, —1), the electric and magnetic field
vectors in the 3-spaces #° = constant are given by

E = (F*, F2 Fo3), H = (F%, F1, F12), (A1.5)

Here, as elsewhere, 3-vectors are denoted by bold face type. The charge-current vector J2 is
such that J* = pv* for a charge distribution with density p and velocity »=.

For the theory of bitensors, we follow closely the notation of DeWitt & Brehme (1960). As
these quantities have tensor character at more than one point, it is necessary to indicate the
point associated with each index. Unless otherwise stated, we shall always label the points
involved as ¥ and z, and use &, 3, ... as indices at x and «, A, ... at z. With this convention we may
unambiguously write 4* and 4% to denote the value of a vector field 4* at x and z respectively.
If x(u) is the parametric form of a geodesic joining z = x(x,) and y = x(u,), with  an affine para-
meter along it, the world function biscalar o (x, z) is defined by

Ua dxx dxf

7(2,)s = Hutg= ) [ gy (300)) o o (A1.6)

U
It is independent of the particular affine parameter chosen. Covariant derivatives of o will be
denoted simply by appropriate suffixes, e.g. 0,4 = V, V5,0, where, in accordance with the
convention on indices, V;, acts at x and V, at z. The coincidence limit x—z of a bitensor field gives
an ordinary tensor field, denoted by enclosing the bitensor in diamond brackets { ).

If fand g are any two functions, the composition function x+ f(g(x)) will be denoted by
fog, whenever this composition is meaningful. Equation numbers preceded by I or II refer to
equations in papers I and II of this series respectively.
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APPENDIX 2. EXTENSIONS AND NORMAL TENSORS

If a tensor field 7 of type (7, s) is given, then for each integer n > 1 there exists a unique tensor
field of type (7, s+n) which reduces, at the pole of any normal coordinate system, to the n-fold
repeated partial derivative of 7". This is known as the nth extension of T. The additional n tensor
indices will either be suffixed to 7" and separated by a comma from the original indices, or
written as an operator E, ., thus E4t,5 = 1,4 ,5. The concept is due to Veblen & Thomas
(1923), and much information on its properties can be found therein.

The first extension is simply the ordinary covariant derivative. To relate higher extensions
to repeated covariant derivatives, we use the related concept of normal tensors. The nth normal ten-
sor field &, . :.?is the unique tensor field which reduces, at the pole of any normal coordinate
system, to 9, , I73,. It thus satisfies

No oo’ = Newoinin®s  Ney.amp® = 0, (A2.1)
and the first two are given, in their totally covariant form, by

Naz = gRoc
Bys 3 a(py) 8 ]. (A 2.2)

and Noc,b“y:?e = év(ozR/?) (y®e ™ %V(y RB) (a/;’)e'J

The extensions of a covariant vector v, may be sequentially evaluated in terms of covariant deri-
vatives and normal tensors using the recurrence relation

n o n s—1
Bavecaats = Yoy 9+ 3, 5 (07 1) Moyt Bayra VoV (AZ3)
where the (r) are binomial coefficients. For a covariant tensor of higher degree, one set of terms

such as is given here occurs for each tensor index in the obvious manner. On applying this result
to the metric tensor, we get

n—2 n—1 .
Eay,oyoan = 2Ny ) (o + 2 232 (r_ 1) Aip8p s, (agnaNa sy (A2.4)

Note that in (A2.3) and (A2.4), the normal tensors only occur in the form of their partial
symmetrizations N, . s ,5 Lhese may easily be evaluated to first order in the curvature ten-
sor as follows. By differentiating the defining relation for the curvature tensor, we get

Ve anBiys® = 204 ays s +0(1), (A2.5)

where O(I™) denotes terms at least quadratic in /', and its derivatives. By considering this at
the pole of a normal coordinate system, we see that it implies

Vazl...anRﬂyse = 2Naz1..¢an[ﬂyl8e + 0(R2)’ (A 26)

where O(R?) denotes terms at least quadratic in the curvature tensor. It then follows from (A 2.1)
and (A2.6) that forn > 2,

n—1
Mal...a,,)/}y = m V(aa...aanﬂlal o)y + O(Rz)’ (A 2'7)

The higher order terms may be obtained if desired by including the omitted terms in the above.
They are easily seen to be absent in (A 2.6) if = 0 or 1, and hence also in (A2.7) ifn = 2 or 3.
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