
Physi
s 530-11Penrose diagram of 
ollapseThe Vaiyda metri
ds2 = (1� 2M(v)r )dv2 � 2dvdr � r2(d�2 + sin(�)2d�2) (1)is the solution to Einstein's equations of a 
ollapsing null dust (ie matterwhose stress energy tensor is of the pressureless formT �� = �u�u� (2)where in this 
ase the velo
ity u� is a null ve
tor, rather than a timelikevelo
ity. In our 
ase, we 
an take u� to be the r 
oordinate axis, and � inthat 
ase is proportional to �vM(v)=r2.If we 
hoose M(v) to be a step fun
tion M(v) = 0 v < 0 and M(v) =M0 > 0 v > 0 then the infalling null matter is a shell like (delta fun
tion)sphere of matter. Thus we haveds2 = dv2 � 2dvdr � r2d
2 v < 0 (3)ds2 = (1� 2M0r )dv2 � 2dvdr + r2d
2 v > 0 (4)where d
2 = d�2 + sin(�)2d�2. Going to null 
oordinates, we 
an de�ne the
oordinate u to be v � 2r for r<0. This gives the metri
ds2 = dvdu� (v � u2 )2d
2 (5)For v > 0 we want the 
oordinate u to be 
ontinuous (whi
h implies thatr(v; u) must be 
ontinuous as a fun
tion of v) This 
an be done by de�ningf(u) = (v � 2(r + 2M0 ln( r2M0 � 1)) (6)for some fun
tion f . Thus, we must have that(�2(r + 2M0 ln( r2M0 � 1)) = f(�2r) (7)or f(u) = u� 4M0 ln(�u4M � 1) (8)1



Note that this works only for u < �4M . We then have for v > 0ds2 = 2M0r ( r2M0 � 1)f 0(u)dvdu� r2d
2 (9)where r is taken as a fun
tion if v; u de�ned byr + 2M0 ln( r2M0 � 1) = v � f(u)2 (10)The metri
 for v > 0 thus be
omesds2 = r2M0 e(v�f(u))=4M�r=2M (1� 4M0�u� 4M0 )dudv � r(v; u)2d
2 (11)= r(v; u)2M0 e�r(v;u)2M0 e(v�u)=4M0dvdu� r(v; u)2d
2 (12)r(v; u) is a 
ontinuous fun
tion of v; u for all values of v; u, and thus thismetri
 is a 
ontinuous non-degenerate, non-singular fun
tion of v; u.The Penrose 
onfomal transformation is obtained taking v = tan(V ) andu = tan(U), and multiplying the resultant metri
 by 
os2(V ) 
os2(U) (iemaking a 
onfomal transformation). This gives usdŝ2 = r(v; u)2M0 e�r(v;u)2M0 e(v�u)=4M0dV dU � r(v; u)2 
os2(V ) 
os2(U)d
2 (13)We haver(v; u) + 2M0 ln((r=2M0)� 1=(v � f(u))=2 = (v � u)=2� 2M0ln(�1� u=4M0)(14)whi
h implies that as u! �4M0,r � 2M0 + ev=2(u+ 4M0) (15)while for large r r 
os(V ) 
os(U) � sin(V � U) (16)Thus, the metri
 dŝ2 is a �nite metri
 everywhere, with ��2 < V < �2 and��2 < U < 0The 
onformal diagram is given in Figure 1. J + and J � are future andpast null in�nity (r =1). I+ is the singular (in the 
onformal spa
e) futuretimelike in�nity while I� is past timelike in�nity. I0 is spa
elike in�nity. Allof the I are singular points in the 
onformal metri
 dŝ2.2



Figure 1: The Penrose 
onformal diagram for the bla
k hole 
reated by the
ollapse of a null shell of 
uid. 3


