QUANTUM NOISE IN THE INTERFEROMETER DETECTOR

William G. Unruh

Department of Physics
University of British Columbia
Vancouver, B.C.

In this paper I will examine the quantum noise sources in a
laser interferometer detection system for gravitational radiation.
The quantum noise sources will be of two basic forms - that due to
the quantum nature of the light itself and that due to the damping
in the mirror masses used as reflectors in the interferometers.

We will find that the quantum nature of the light is the dominant
source of noise and contributes via two mechanisms - directly as
what has been called the photon counting noise and indirectly
via the fluctuating force the light exerts on the mirrors. It
will be shown that by setting up the initial state of the field
entering the input port of the interferometer not being used by
the laser in a generalised squeezed state, the effect of both of
these noise sources can be made as small as desired. (The possi-
bility for reducing the direct noise by a similar technique was
shown by Cavesl for a simple single mode interferometer model).
The noise introduced by the damping of the motion of the mirror
masses will contribute significantly only if one does squeeze
the state of the light beam and if the laser power is sufficiently
large.

The model for the interferometric detector is given in
Figure 1. The light in the interferometer arms is modelled by
massless scalar fields &; and 9, where ¢y depends only on t and z
while ¢, depends only on t and x. Regarding both light beams as
polarised in the y direction, these scalar fields may be taken to
be the y component of the vector potential over V27 in a gauge
where the scalar potential is zero. The gravity wave will be
assumed to be travelling in the y direction with polarisation axes
parallel to the x and z axes. (This is the gravity wave for which
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the interferometer has highest sensitivity).
The fields &(t,f),where £ is either x or z,obey
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when no gravity wave is present, with boundary conditions on the
mirror of & = 0. The number density operator if & are quantum
fields,is given by
R 2)
2 at ot
where ®(+) is the positive frequency component of . Finally the
pressure exerted by the ¢ field on any surface is given by

1 2 90,2
P = z‘[(gz‘ + (EEJ ] (3)

(Compare this with the electromagnetic stress in the direction of
motion (E2 + B2)/8m)

In the presence of the gravity wave6 the equation of motion
for the light changes. Let us examine the effect in the z arm.
I will choose my coordinates in such a way that the metric for the
gravity wave is in the transverse traceless gauge in which the end
mirrors see no "forces" due to the gravity wave if they are at
rest. In this coordinate system, the metric associated with the
gravity wave is given by

ds? = at? - (1+h(t-y)) dx® - dy> - (L-h(t-y)) dz° (&)

where h is the dimensionless strength of the gravity wave. (Note
that I assume throughout that ¢ = h = G = 1), The equation of
motion for the beam ¢; along the z arm becomes

32 3?2
;2 81 - (Wh(D) 55 &1 =0 - (5)
Assuming a solution of the form

3, = 014 ei 6(t,z)

where 0 is a rapidly varying phase, the eikonal approximation3
gives the equations

k}l = egu ( 6a)

guv ky ky = 0 (6b)
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(The other eikonal equation ' kv'u = 0 is automatically satisfied
if the above two equations are satisfied). Right and left
travelling solutions are given to lowest order in h by

1 '
8 =0 (i)(tiz) + E-fh(t-y) e(i)(t—z) )
- %-fh(ttz—y) e'i)(tiz)

where the prime denotes the derivative, e(

) are arbitrary func-
tions and the function /h is defined by

+

w
fh(w) = J h(g) dg (8)

o
The solution for ¢ along the y = 0 plane is now given by

¢ = o  expi (6_(t-z) +-%(fh(t) - /h(t-2z)) 0l(t-z)) 9
+ 8 expi (04(t+z) + 2(/h(t) - [h(t+z)) 01, (£+2))

The boundary condition at the mirror located at z = L+qq
(where L is the equilibrium position of the mirror) is that ¢ is
zero there. Therefore we have

(I)O = - q)o ’ (10)

9+(t+L+q(+)) + %(fh(t) - Sh(t+Ll+4q)) 6;(t+L+q)

= 6_(t-L-q()) + F(UR(E) - [h(t-L-q)) 6! (t-L—q)

If we assume q(t) to be very small such that terms of order q2 or
qh can be neglected, and if we assume g << 1 (where the dot de-
notes time derivative), the solution is

8,(t) = 0_(t-2L) 2(/h(E,0) - fh(t-2L,0)) ol(r-21)  (11)

-2 q(t-L) 6r(t-2L)

where I have also dropped terms of order hz.

The net phase shift when the light returns to z=0, over what
it would have been had h = q = 0, is given by

A 6(t) = (-2q(t-1) + 3 fu(t) - fu(e-2L)) 61(t-2L)  (12)
The net phase shift is thus given by a combination of the motion
of the mirror (noise) and the effect of the gravity wave on the

light (signal).

In the x arm, which I will assume to have the same length L,
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the phase shift due to the gravity wave is minus that in the z
arm. Assuming that A® in both arms is small, recombining the
two beams at x = z = 0 by means of a beamsplitter and looking at
the difference port we have a signal there of

16(t-2L)+

@T = @D e
1 e
Jr (-2q; (e-1) 81(c-21) o, (13)
+2q, (t-1) 81(t-2L) o.,)

+%(fh(t) - /h(t-21)) ¢}
where

) - 0,0 /72

p = (g1

® (99, + q>02)//2_

S

(The beamsplitter is assumed to transmit the sum and difference
signals over v2. The V2 is necessary to conserve the total
particle number).

The above has been a classical analysis of one mode of the
field which begins with phase 6(t) at z=0. I will now quantise
the system. @3,%; now become quantum Heisenberg operator, as does
g. h is assumed to be a classical field. The above solution will
be assumed to also be sufficiently good approximation to the
solution for the quantum system. (Statements like "q or ¢ is
small" now mean that in all states of the system of interest the
expectation value of q or q and expectation values of relevant
powers of these operators are sufficiently small, or,the
probability that q is larger than a fraction of wavelength of any
light frequency of interest or that q is not much less than the
velocity of light is small).

We will characterise the various modes of the light by their
frequency w on entering the interferometer at z=0. 1In this case
8(t) is wt and 6' is w. Furthermore, the laser is assumed to put
out light at a fixed frequency u,with amplitude Y2 A and all other
frequencies are assumed to have negligible intensity. The laser
is assumed to shine into the "sum" input port, so that

—iwot c.c.)

<P (t)> = <do(t)> = (Ae
(i.e. both arms of the interferometer have light of the same
intensity and phase eantering them).

We can now write the input field ¢ (i=1,2) in either arm

Ii
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at x =z = 0 as

‘I’S) = {(a &0t 4 [ B (w) eIty + herm. conj.}  (14)
w>o0

where I will again assume the quantum operators ¢ are 'small" with
respect to A.

At the output port, the operator output signal will now be
given by

op = (I@D(w) eﬁb(t—ZL) dw + Herm. conj.)
+ 2(q,(t-L) - qg(e-1)) (4 ™o Lo e (15)
+ 20ne) - rmee-any) @ M

where products of % with qp or qy have been dropped.

This expression has two noise components and one signal.
The signal is the term proportional to the gravity wave. The
noise is of two forms. One is the noise due to the quantum
nature of the light itself (terms prop. to @D) and the other is
the noise due to the motions of the mirrors. These two noise
sources are not strictly independent however. Part of the mirror
motion is due to the fluctuations in the radiation pressure on
the mirrors, which ultimately is due to the quantum nature of the
light. Instead of analyzing the noise at this stage, it will be
more illuminating to study the motion of the mirrors first.
Before we do that however, let us decide on what we are going to
do with the output signal ¢p. We must decide what property of
this quantum operator we wish to measure. Since virtually the
only light detector is a photomultiplier, I will assume that we
will measure the number flux operator of the outgoing field.
Furthermore, since I want to measure h, not hz, I will mix the
output field with a "classical" field of amplitude (B elwg(t-2L) 4
c.c.) and then detect the number flux out of the interferometer.
Although there is no strictly classical field, we could mix 2
with a quantum field X with a very small mixing angle, a. The
measured field will be

by = cos o o + sin o ¥
M T
B e—iw(t—ZL) (16)

cos o &p + sin a( ~To o + coco +X )
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where ¥ is the quantum part of the x field. If a is sufficiently
small we can make the effect of X on any measured property as
small as we want.

The number flux operator at time t for the field ¢y is given

by
N =3 P ol - 2P0 o7 (01
. wo IBIZ + % (B* é”'i“’o(t'ZL) (—iwo @rj(:") + é)'](:"‘)) (17)

+ B e'i“’o(t’zL)(-imo @é*') - é;ﬂ))

I have assumed that B is sufficiently large that terms of order
@TZ can be neglected. Substituting the expression for &1 in terms
of the Fourier components of ¢ and qi we finally have

N(t) ={a, |B|2

+ J{B*(wo+ KRN I %E(wo—u) e iH(e-2L) Yau
(18)

+ 21 fwo{B*A<mo+ By gy - BA (- B qp () e IH(EHL)

. * B B % B B_ _ut
- i jwo{B Ao+ 2) Ih(u)-BA (u)o 2) Th(u)} e " du

where
) = (4 24uL ‘
u) = (ii‘(l - e ) h(u)) (19a)
ap(6) = q (t) = q,(t) = qu<u> M g, (19b)
B, (6) = :/1—5 (B (D) - 8,(t)) = —/—-1_ Jé(w) e Ut 4y (19¢)
2

To evalulate the g we need a model for the motion of the
masses in the z or x direction. Let us again concentrate on the
z arm mass., I will assume that the mirror is suspended as
simple harmonic oscillators with respect to its motion in the z
direction. Furthermore, it is damped by means of a coupling to
some damping field ¢. The interaction of the light beam with the



654 W. G. UNRUH

mirror masses is by means of the radiation pressure of the light
on the mirror. The resultant equation of motion of the mirror
in this simple model is given by

.o 2 . 2 2
Mg + ( %+ 2 y? ]A[z)q + Mo2q=.-¢ () + 20 |A]

(20)

-2 wy J((wo"“) A $+(wo—p) + A*(wo+u) 3,(wo+u))e—iu(t-L)du

(In deriving this expression I have used the model coupling to the
¢ field of Unruh (1980)?) In the expression for the pressure on
the mirror by the light (eq. 3), I have neglected all terms which
are smaller than first order in A and higher order than first in

q.

The term proportional to |A|2 is a constant force on the
mirror and could be eliminated by redefining the equilibrium
position for the mirror or by imposing another equal but opposite
force on the mirror. The two terms in Yy, and ¢ represent quantum
fluctuating forces on the mirrors due to the dampling field and
the light beams respectively. Note that the damping coefficient
of the oscillator depends both on the damping field and the light
beam. This damping by the light can be easily understood. If
the oscillator has a velocity §, the light reflected from the
mirror will suffer a red shift of w (2 q/c). Each outgoing photon
will therefore have I w,(2 §/c) less momentum than it would have
if § were zero and will therefore have transfered that much less
momentum to the mirror. If there are n photons per second, this
will correspond to a force which is n W w,(2 q/c) less than if
the mirror were at rest. Since |A|2 wy equals n we obtain the
same damping coefficient as in the above equation.

We can solve this equation for the Fourier component, q;(u),
of the displacement. In particular we will be interested in those
frequencies which are much larger than the fundamental fre-
quency of the mirrors, Q. (I will assume both mirrors have the
same frequency). The solution is

Q@) = {ine v(w) - 2 uy (A8 (upm) + A™(u 108 (ugh)
xe+iuL}/Z(u)
2
p) = (7 - i (52 0 0alD) + D) (21)
2
X = MU

Substituting this expression for the q of each mirror into
the equation for N(t) we finally obtain (after using u << wo)
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e 2y = B2 wes(w)

(B*A - BA®) 2 2¢ ~iyL
" w T =y () e
/E o Mu D3
~ Aiw * *
~w {8 (ughn) [ B* +—2 (87[a]% - Ba"D) ]
o) D 2
M3
[
A 2 )
+<1>D'r (wy-w) [B+—- ‘2’ (BlA|“ - B AN}
Mu

(22)

* *
i(BA-BA) woz

2/2

Ih(u)e_IZHL

-1 _
where Y = /E_(wlo wzo)

. , %
To maximize the sensitivity we must obviously choose B A to
be purely imaginary i.e.

B'A =i |B| |a| (23)

This finally results in the following expression for the uth
Fourier component of the number flux
2

2 Zmb €
NG = [B]" w s(w) + |B||A| o Yo

e—ZluL

8iw 3
a * o 2
+ug {8 (ugt) B[ 1+ v |al% ] (24)
- 81w03 2
+ 0w, ~w) B[ - ——— [A]“1}
My

+ /2 8] [a] w? hG) 2T
It is clear that to make the quantum noise of the light small

we must choose the initial state of the ¢p field such as to make
the fluctuations of the operators

6(wo + U) eil(u) + 6+(w0"u) e_ix(U)

small for all frequencies p of interest.

Here I have defined A (u)
by

w 3 2
A(u) = arg [ B (1 +81 °—¥‘—l—) ]

(25)
My
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This is possible if we place the &p field into the generalized
squeezed state lGS>, defined by5

{cosh r(u)a(wo+u)elx(u) + sinh r(u)5+(wo-u)e—lx(u4|GS>= 0 (26)
1
Note that this is a true squeezed state only if u = 0. At other
frequencies this state contains correlations between the frequen-
cies wotu and wo-u. If the ¢y field is placed into one of these
generalized squeezed states, and the iy field is assumed to be in

its vacuum state, we can calculate the®fluctuations in the Fourier
components of the number operator. We have

<N > = B2, 5w
2
and

< N(u) N(u")> -<N(u) > < N(u") > =

2,42 4 .
8|B|“|A] v fﬁﬂf%ﬁ573'< bp (W) ") >
. 3 2 . 2
+-——m03 18] | 1+ o o, 1Al Il 1 +——----————8:L w°3 Al
2 2 7 |
My Mu'!

x < (5(wo+ﬂ)eix(U) + é+( o—u)e_ix(“))(@(mo+uv)eix(u') +

%+(mo-p')e—ix<u')) > (28)
4
8 2 2 2
= 5Gu) (—o—<alln] o 01
(M)
2
Yo 2 8w03!A’2 2 e—Zr(u)
+—— [B]T @+ ¢ )
Muz 2ww0

where I have used the relations

O BN O T O

(29)

t ) _ _SQu-u") _ SCu-u")
[ Qi(wo+u)’ oy (Uuoh“l ) 1= 2ﬂ(w0+u) B 21w,

Note that by choosing r(p) sufficiently large the term due to the
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quantum nature of the light can be made as small as we want.

To obtain some feeling for what this expression means physi-
cally, let us substitute some numbers for a realistic interferome-
ter into this expression. The total power P going into the inter-

ferometer is given by (remembering that I have used W = c = 1 to
derive the above expression).

P =202 |al2 (30)
We have (after reinstating ¢ and h into the expressions) and
defining v4 = e2/4M,

<N(u) N(u')> — <N(u)><N(u')>

32 yq4 W
= S(utu") ]Blz wy npd HQ.;ZZU 6 (1) )
-2r () 4o 2
e oP
5 (1+ 6‘;‘&;2;9 )}

There are two power levels of interest: The first is when the
quantum noise introduced because the fluctuating radiation pressure
driving the mirrors equals that due to the direct noise

(32)

®, = 1 W)
(o]

and the other when the noise due to the damping of the oscillator
equals the direct noise

(7 Ay ) = e, (33)

lig
l6yd

2~ l6Y

Since by assumption u >> Y g0 ®9 will be larger than 7. This
implies that the quantum nature of the light is responsible for
the dominant noise at all power levels if the 1n1tlal state is
unsqueezed. For M =1 kg, u v 10" hz, w ~ 1015 hz, we have

P, v 2.5x 10° watts. Therefore, at al? forseeable power levels
for real interferometers, the dominant noise source will be the
direct quantum light noise (which has been called the photon
counting noise by Caves). Only if the light state is strongly
squeezed will the damping fluctuations of the mirror become

important.

If the damping bath due to the ¢ fields is thermal with a non
zero temperature T, the first term is multiplied by a factor of

Tru/kT

= (1+ 2/(e - 1)) (34)
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For sufficiently high temperatures this becomes 2kT/hu which could
result in a significant noise from this damping field. For
frequenc1es u=10* hz and T = 300 K, this factor is 8 x 10°. For
Yg = 10-* /sec, the power at which this noise source becomes
significant is
L
Por = o 1o-
16 x 10

2 x 10° watts

v 2.5 x 10%/8 x 102

again a rather unrealistic figure. Even if the mirrors were
critically damped and had a period of 1 sec, the power level for
this source of noise to be most important would still be about 100
watts. (The effective temperature of seismic and suspension noise
on the mirrors could of course be much greater than room tempera-
ture, reducing this noise will be one of the chief experimental

difficulties).

Finally we will not be measuring N(u) directly. Rather we
will be measuring some frequency component u, of N(t) over some
time period t. Furthermore, we will be measuring either the sine
or cosine phase. We have

T+T

NC (uo,T) ® JT N(t) cos ut dt
and 31mllarly for the sine component N_. Evaluating (ANC)2 and
(AN ) we find they are both of order

2
7|B] w, 16ydw00

2 =
(AN) 4 UOZ(MCZUO) BT (35)

-2r(ug) by @ 2
NG [1 . {—T_u o )]

while the signal is of order

N, 1> ¥ w02|B| IA](L/c)h(uO,T) T,

The signal to noise ratio is therefore of order

Vot WPlhuws?  (wyL/c) h(ng,T)

-2r 4 16’Y w @
e W P 2 d o
‘[2 {1 + _Qic%y 3 ]+uo(Mc uo>BT (36)

where I have dropped factors of order unity.
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One important point to mention is that the above expression
for the noise is valid only as long as the terms proportional to
31% can be neglected. As r gets larger (higher squeezing) these
terms become more important. Crude estimates suggest that once
er>iB|2 3, these terms will dominate the terms we have retained
and the noise will again increase with increasing r. Neglecting
the noise due to the damping field, this su%§ests thatlyge
maximum signal to noise increases only as B1/3 or (Pp) with
the optimal value of the squeezing parameter r.

In the above I have given a prescription for a generalised
squeezed state which obeys an equation like eq. 26. 1Is such a
generalised squeezed state possible? The answer is yes, and it
should be realised by a three wave mixer, Consider a non linear
medium which has an interaction with light such that the energy
has a term which goes as ed3, Supply a pump wave with frequency
2w, and amplitude A. The linearised equations of motion for
the quantum field & = & - (A e~1200(t-x) 4 c.c.) are of the
form

L2 T 9x?

¥riting & =/3(y,t)e
in time, we have

28 223 3 -
970 30 _  geae I (X)L Loy, (37)

- +1) (t— Py
(wy+1) ( X)du where ¢(y,t) is slowly varying

?

. )
- 21(w0+u) 5E-(u,t) eAd(-20 sy, t)

eAdT (-, 0) (38)

The solution is

®(u,t) = cosh 0t&>(p,0)+-1—7i—‘?— sinh ot %1" (=u,0)
(39)
with

If the waves travel in the medium for time T and the initial state
of the ¢ field is the vacuum so that

? (1,0) [0> =0
then the stae |0> will be a generalised squeezed state for the

modes leaving the medium whose frequencies are near w, with
the squeezing parameter r given by oT.
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In conclusion, the dominant quantum noise source in the
interferometric readout is that due to the quantum nature of the
light. This noise source can be reduced an arbitrary amount by
placing the state going into the non laser input port of the
interferometer into a generalised squeezed state.
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