
Physis 407-07Green's Funtion solution to wave equationWe want to �nd the Green's funtion solution to the equation	(t;x; t0;x0) = Æ(t� t0)Æ3(x� x0) (1)where x represents the three oordinates x; y; z.We an take the Fourier transform of both sides	(!;k) = Z 	(t;x; 0; 0)ei(!t�k�x)dtd3x (2)where k represents kx; ky; kz, to get(�!2 + k � k)	(!;k) = 1 (3)or 	(!;k) = �1!2 � k � k (4)The 	(t;x; t0x0) = Z Z Z Z �1!2 � k � ke�i(!(t�t0)�k�(x�x0) 1(2�)4d!d3k (5)Writing k � (x�x0) = kjx�x0j os(�), where k2 = k2x+ k2y + k2z , � is the anglebetween the k vetor and the x vetor, � is the additional azimuthal angle,and d3k = k2dkd(os(�))d� we have	(t;x; t0x0) = �1(2�)3 Z Z Z e�i(!(t�t0)+kjx�x0jos(�))!2 � k2 k2dkd(os(�))d! (6)= �1(2�)3 Z Z 1!2 � k2 e�i!(t�t0) eik(x�x0j) � e�ik(x�x0j)ikjx� x0j k2dkd! (7)= �1ijx� x0j(2�)3 Z Z 1!2 � k2 e�i!(t�t0)(eikjx�x0j � e�ikjx�x0j)kdkd!(8)We now do the integral over ! by doing a ontour integral. We want theontour at in�nity to ontribute nothing, so ei!(t�t0) must go to zero as !assumes imaginary parts at in�nity. This means that we must lose the1



ontour to positive imaginary ! for t � t0 > 0 and to negative imaginaryparts for t � t0 < 0. We also want the integral to be zero for t < t0, so thatthe inuene of the soure is to the future, not the past. This means we musttake the ontour suh that if we enlose it to negative imaginary !, it mustnot enlose any of the singularities, whih means that we need to take theontour along the real axis so that it runs below both of the singularities.Thus	(t;x; t0;x0) = �1ijx� x0j(2�)3 Z 10 (2�i) e�ik(t�t0)2k � eik(t�t0)2k !�eikjx�x0j � e�ikjx�x0j� kdk�(t� t0)(9)= �1jx� x0j2(2�)2 Z 10 (�eik(t�t0�jx�x0j) + e�ik(t�t0�jx�x0j)) + (eik(t�t0+jx�x0j) � e�ik(t�t0+jx�x0j))dk(10)= �(t� t0)jx� x0j2(2�)2 Z 1�1 eik(t�t0�jx�x0j) � eik(t�t0+jx�x0j)dk (11)= �(t� t0)4�jx� x0j (Æ(t� t0 � jx� x0j)� Æ(t� t0 + jx� x0j)) (12)where �(t� t0) = 1 if t� t0 > 0 and is zero if t� t0 < 0But, sine both t� t0 and jx� x0j are positive, the seond delta funtionan never have zero argument. This means that it is always zero. Thus	(t;x; t0;x0) = �(t� t0)4�jx� x0jÆ(t� t0 � jx� x0j) (13)as required.Note that there is a more invariant way of writing this	(t;x; t0;x0) = ��(t� t0)2� Æ((t� t0)2 � jx� x0j2) (14)sine Z f(x)Æ(g(x))dx = Z f(x(g))Æ(g) dgdg(x)dx =Xi f(xi)dg(xi)dx (15)where g(xi) = 0. ThusZ �(t� t0)2� Æ((t� t0)2 � jx� x0j2)F (t0)dt0 (16)= 14�  �(jx� x0j)F (t� jx� x0j)jx� x0j + �(�jx� x0j)F (t+ jx� x0j)�jx� x0j !(17)2



sine �t0((t� t0)2 � jx� x0j2) = �2(t� t0) and evaluated at the two zeros of((t� t0)2 � jx� x0j2) for t0 this is �2(�jx� x0j)This latter form of the Green's funtion is far more learly a Lorentzinvariant form. The argument of the delta funtion is learly Lorentz invari-ant, and the �(t� t0) simply piks out the positive null one rather than thenegative, whih is also learly Lorentz invariant.
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