Physics 407-07
Green’s Function solution to wave equation

We want to find the Green’s function solution to the equation
OW(t,x;t',x') =6(t — )0 (x — x') (1)

where x represents the three coordinates z, vy, 2.
We can take the Fourier transform of both sides

U(w, k) = / U(t,x; 0,0) @ %) gty 2)

where k represents k,, k,, k., to get
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Writing k- (x — x') = k|x — x'| cos(f), where k* = k2 + k2 + kZ, 0 is the angle
between the k vector and the x vector, ¢ is the additional azimuthal angle,
and d*k = k*dkd(cos(0))d¢ we have
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We now do the integral over w by doing a contour integral. We want the
contour at infinity to contribute nothing, so ) must go to zero as w
assumes imaginary parts at infinity. This means that we must close the
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contour to positive imaginary w for t — ¢’ > 0 and to negative imaginary
parts for ¢t —t' < 0. We also want the integral to be zero for ¢t < t', so that
the influence of the source is to the future, not the past. This means we must
take the contour such that if we enclose it to negative imaginary w, it must
not enclose any of the singularities, which means that we need to take the
contour along the real axis so that it runs below both of the singularities.

Thus
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where O(t —#') =1ift —t' > 0 and is zero if t —#' < 0
But, since both ¢ — ' and |z — 2| are positive, the second delta function
can never have zero argument. This means that it is always zero. Thus
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as required.
Note that there is a more invariant way of writing this
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since
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where g(z;) = 0. Thus
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since Oy ((t — t')* — |x — 2'|?) = —2(t — t') and evaluated at the two zeros of
((t—t")* — |x — 2'|?) for ' this is —2(+|x — 2'|)

This latter form of the Green’s function is far more clearly a Lorentz
invariant form. The argument of the delta function is clearly Lorentz invari-
ant, and the ©(t — t') simply picks out the positive null cone rather than the
negative, which is also clearly Lorentz invariant.



