
Physi
s 407-07Assignment 21.) Consider the two dimensional 
at metri
ds2 = dx2 � dt2 (1)and the 
oordiante transformationx = � 
osh(�) (2)t = � sinh(�) (3)Show that the 
urve � = 
onst is a timelike 
urve and � = 
onst a spa
elikeone.Now take the equations x = T sinh(Y ) (4)t = T 
osh(Y ) (5)Whi
h region of 
at spa
e-time in x; t do these 
oordinates 
over? Whatare the equations of straight lines for these equations?||||||||||||||||||||||{Consider � = �0 = 
onst so the equation of the 
urve parameterized by � isx = �0 
osh(�) (6)y = �0 sinh(�) (7)so the length squared of a little pie
e of the 
urve isds2 = �(�� t)2 + (��x)2 = ��20 < 0 (8)so it is spa
elike.Similarly if we 
hoose a 
urve with � = �0 = 
onst and use � as the param-eter, we have ds2 = �(��t2 + (��x)2 = 1 > 0 (9)The equations of T Y 
oordinates 
an be written asx2 � t2 = T 2(sinh2(Y )� 
osh2(Y )) = �T 2 (10)Ie, the displa
ement of any point in the T Y spa
e from the origin is timelike.Ie, these points 
over the future and past light 
one of the origin of the xy
oordinates.|||||||||||||||||||||- There are a very large num-ber of ways of solving this problem of straight lines.1



a)The easiest way to �nd the straight lines is to go to t x 
oordinates. Weknow what the solutions for straight lines here isx� vt = x0or T sinh(Y )� Tv 
osh(T ) = x0If jvj < 1 then de�ning sinh(Y0) = v=p1� v2, we haveT (
osh(Y0) sinh(Y )� sin(Y0) 
osh(Y )) =p1� v2x0or T sinh(Y � Y0) = x0p1� v2If jvj > 1, then we 
an set 
osh(Y0)=vpv2�1 andT 
osh(Y � Y0) = x0pv2 � 1Finally, if jvj = 1, then Te�Y = x0If we want the dependen
e on s, we know thatt = �(s� s0)x = x0 + v�(s� s0)and sin
e (�st)2 � (�sx)2 = �2(1� v2), we have �2 = 1j1�v2j2 (if v2 6= 1) and we
an substitute these into the above equations to get T and Y in terms of s.Note that some may worry that this is "unfair". It is not. One of the keyfeatures of General Relativity is that if you 
an �nd a 
oordinate system inwhi
h the problem is easy to solve, solve it in that 
oordinate system and thentransform to the 
oordinate system you need the solution in.b) Solve the geodesi
 (straight line) equations in the 
oordinate system. Thestraight line equations 
an be obtained from the metri
ds2 = dx2 � dt2 = (d(T sinh(Y ))2 � (d(T 
osh(Y ))2) (11)= �dT 2 + T 2dY 2 (12)ÆI = Æ Z �((�sT )2 + T 2(�sY )2ds (13)= Z 2(�2sT + 2T (�sY )2ÆT � 2�s(T�sY )ÆY (14)from whi
h �2sT + 2T (�sY )2 = 0 (15)partials(T 2�sY ) = 0 (16)2



The se
ond is easily solved, �sY = CT 2 (17)where C is a 
onstant. Substituted into the �rst gives�2sT + C2T 3 = 0 (18)Multiplying by �sT this is a 
omplete derivative whi
h has as �rst integral(�sT )2 � C2T 2 = D (19)wehre D is a 
onstant. De�ning s as the path length, this will be either �1 orzero depending on whether the 
urve is a spa
elike, timelike or null 
urve.The solution is Z TdTpDT 2 + C2 = s� s0 (20)T =pD(s� s0)2 + C2 ; D = �1 (21)T =p2jCj(s� s0) ; D = 0 (22)The solution for Y is then Y � Y0 = Z CT 2 ds (23)= 12 ln(s� s0) = ln( Tp2C D = 0(24)Y � Y0 = Ctan�1(s� s0C ) D = 1 (25)Y � Y0 = 2C ln(s� s0 � Cs� s0 + C ) D = �1 (26)Alternatively we rewrite the equation for T with Y as the parameter insteadof s. �xT = �Y T�sT = �Y T CT 2so ((�Y T )2 � T 2)(CT 2)2 = Dor Z dTqDT 4C2 + T 2 = Y � Y0While this looks hard to integrate, set � = 1=T to getZ d�q DC2+�2 = Y � Y03



This gives the same solutions as before.****************************************************************2.Cal
ulate the Newtonian potential gravitational potential for an in�nite planeof matter. (assume that the solution of Newton's equations is independent of yand z) What would Einstein's guess at a metri
 for this distribution of matterbe. Compare this to the 
oordinates for Rindler spa
e given above. For theNewtonian 
ase, does the surfa
e � = 0 from problem 1 make any sense?|||||||||||||||||||||| for an in�nite plane ofmatter, r2� = �4�G�0Æxwhere � is the surfa
e density of mass in the plane.� = �2�G�0(jxj)Einstein's initial guess would have made the temporal part of the metri
 be(1� �)2 (with 
=1)ds2 = �(1 + 2�G�0jxj)2dt2 + (dx2 + dy2 + dz2) (27)Note that this is exa
tly the metri
 for 
at spa
etime in the a

elerated 
oordi-nates above on ea
h side of x = 0. In fa
t this is the form of the exa
t solutionof Einstein's equations outside a 
at plane of matter. It is just 
at spa
etimein the a

elerated 
oordinates(Of 
ourse to lowest order in the potential, we would write this asds2 = �(1 + 4�G�0jxj)dt2 + (dx2 + dy2 + dz2) (28)for small x. )3. Consider 3 dimensional 
at spa
e in rotating 
oordinatesds2 = dx2 + dy2 � dt2 (29)First de�ne polar spatial 
oordinatesx = r 
os(�) (30)y = r sin(�) (31)What is the metri
 in this 
oordinate system?Now de�ne a new � 
oordinate by� = �� !t (32)What is the metri
 in this 
oordinate system?||||||||||||||{ds2 = �dt2+dx2+dy2 = �dt2+dr2+r2d�2 = �dt2+dr2+r2(d��!dt)2 = �dt2(1�!2r2)�2r2!d�dt+dr2+r2d�24



The gravitational potential would thus be (assuming !r << 1 whi
h is the only
ase here that Newtonian treatement would makde sense)� = 12!2r2 (33)*******************************************************A parti
le at 
onstant �; r goes around in 
ir
les in the x; y 
oordinates.What is the gravitational potential for this parti
le? What are the geodesi
equations for a parti
le in this system of 
oordinates?Consider the parti
le travelling along a geodesi
. For small velo
ities ofthe parti
le, there is an apparent for
e on the parti
le, whi
h depends both onposition and velo
ity. What is that for
e?|||||||||||||||||||||The geodesi
 equations are�s((1� !2r2)�st+ !r2�s�) = 0 (34)�2sr � !2r(�st)2 + 2!r�st�s�� r(�s�)2 = 0 (35)�s(r2�s�� !r2�st) = 0 (36)Trying to determine the for
es is a
tually mu
h harder than I thought itwas.The �rst and third equations 
an be integrated easily to give(1� !2r2)�st+ !r2�s� = pt (37)r2�s�� !r2�st = p� (38)from whi
h we get �st = pt � !p� (39)�s� = p�r2 + !(pt � !p�) (40)from whi
h we get, keeping only terms to lowest order in �s� and �sr�s(r�s(�)) = �(p�r2)�sr (41)Now to zeroth order in the velo
ities, p�r2 = �st = 1p1�!2r2 so�s(r�s(�)) = 1p1� !2r2 �sr (42)The apparent for
e on the angular velo
ity is proportional to the velo
ity in theradial dire
tion. Similarly,�2sr = !2r(�st)2 + 2!r�st�s�+ r(�s�)2 (43)= r(�s�� !�st)2 = r(p�r2 )2 (44)5



This one is tri
kier sin
e we have to keep terms to �rst order in the velo
itieson the right side. From the de�nition equation for the length, we �nd that�st � 1p1� !2r2 � !r2 �s�1� !2r2 (45)and �2sr = r( !2sqrt1� !2r2 ) + !r1� !2r2 �s� (46)The radial for
e has a term whi
h is independent of the velo
ity, and anotherwhi
h is proportional to the velo
ity in the � dire
tion. The velo
ity dependentterms are just the Coriolis for
es, while the other is the \
entripetal" for
e.(By "for
e" I mean the right hand side of the equations{the rate of 
hangeof physi
al velo
ity as a fun
tion of time.)d2rdt2 = ::: (47)ddt �r d�dt� = ::: (48)4.) Equivalen
e Prin
iple:Show that the Eotvos experiment still works even if the two masses are notthe same. Ie, assume you have two obje
ts with gravitational mass m1 andm2 and inertial masses of (1 + �1)m1 and (1 + �2)m2 hung as a torsion balan
eof length L from a �bre so that if they are oriented north-south, they hanghorizontally and are oriented exa
tly North-south. If the support is rotatedexa
tly 90 degrees, �nd the angle with the east-west dire
tion that the arm ofthe balan
e hangs at, and show that this angle is proportional to �1� �2. Whatis the de
e
tion angle? (Assume that the period of torsional os
illation of thesystem is T se
onds and that the laboratory is lo
ated at latitude �.) You 
anassume that � is very small and keep only �rst order e�e
ts in �.The key point is that the torsion bar, hanging horizontally must have thelengths of the arms distributed so that the horizontal torque is is zero. Thus tolowest approximation, l1m1g = l2m2g. The verti
al torque is what 
auses thede
e
tion. The 
entripital "for
e" torque isT = (l1(1 + �1)m1
2Rsin(�)
os(�)� l2(1 + �2)m2
2Rsin(�)
os(�))sin(�) (49)where R=radius of the earth, � is the latitude, � is the angle from the NSdire
tion of the orientation of the balan
e. Now sin
e l1m1 = l2m2 we haveT = 12 l1m1(�1 � �2)
2Rsin(2�)sin(�) (50)If l = l1 + l2, we have l1m1 = m2M l where M = m1 +m2. and the torque isT = m1m2M l(�1 � �2)
2Rsin(2�)sin(�) (51)6



Note that there are a number of possible 
orre
tions. Be
ause of the 
en-tripital for
e, the verti
al is not quite the true verti
al, but is 
orre
ted by thatfor
e. Sin
e it in
ludes the e�e
t of the gravitiational/inertial mass imbalan
e,this result in a small 
orre
tion. It would however have only a quadrati
 
orre
-tion on �1��2 whi
h is unmeasureable. When the balan
e lies NS, the 
entripitala

elearation on the north most mass is slightly less than on the southmost be-
ause if the bar is horizontal, the north most mass is slightly nearer the 
enterof the earth than the southmost. However this exerts a torque on the pendulumwhi
h lies in the horizontal plane, and thus has no e�e
t on the de
e
tion.Now when that verti
al torque is present, it must be o�set by a de
e
tionof the �bre. If the Torque 
onstant is k, we must haveT = kÆ (52)or Æ = �1 � �2)2k m1m2M l
2Rsin(2�)sin(�) (53)To estimate k we note that the equation of motion of the torsion pendulumwith torsion 
onstant k and moment of intertia I = m1l21 +m2l22 = m1m2M l2 is! =qkI or k = ( T2� )2IIf the length of the torsion bar is 1 meter, m1 is approximately m2, andapproximately 1Kg, and the torsional period is 40 min, what is the value ofthe de
e
tion angle as a fun
tion of �1 � �2. Assuming that the graduate stu-dent sent into the room to measure the angles has a mass of 100Kg and is10m from m1 perpendi
ular to the torsion arm, what would be the de
e
tion
aused by the student in 
omparison with the de
e
tion 
aused the di�eren
ein inertial/gravitational mass, if �1 � �2 is 10�8. .From the above (and assuming that the experiment takes pla
e at lattitude45o) we haveT = (�1 � �2)(:5kg)(1m)(6 � 106m)( 2�86400se
)2 = (�1 � �2)1:6 � 10�2 � 2 � 10�10 (54)The e�e
t of the graduate student would be:The for
e on the mass he would be 
losest to would be Gm1Mg=d21 whilethe for
e on the se
ond mass would be Gm2Mg=d22 but at a slight angle to theperpendi
ular. The verti
al torque would beTg = Gm1Mg=d21l1 � 
os(�)Gm2Mg=(d2)2 = GMgm1m2M l(1=d21 � d1(d21 + l2)3=2 ) (55)� GMgm1m2M 3l32d41 � 6:7 � 10�11(50Kg)(:5kg)(1:5)( 1m)310m)4 = 2:5 � 10�13 (56)Ie, for these values, the e�e
t of the graduate student is still signi�
antly smallerthan the e�e
t being measured (If one is trying to get to �1 � �2 = 10�12 as7



Braginsky 
laimed, the e�e
t of the graduate student is larger than the e�e
tbeing measured Automated te
hniques whi
h do not introdu
e large masses nearthe torsion pendulum are needed. Note that large 10 ton tru
ks driving up nearthe pendulum say 10m away 
ould 
ause problems).
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