
Physi
s 407-07Assignment 11.) Given the metri
 ds2 = (x2dx2 + x4dy2) (1)�nd the equations for straight lines in this spa
e.Show that the lines y = 
onstant are solutions and �nd what x is as afun
tion of s for these lines.Change the x 
ordinate, so that for these solutions, the new 
oordinatewould be a linear fun
tion of s. What would the metri
 be for this 
hoi
e of x
oordinate?************************************************************************Using the notion Æ for ��, we 
an write the � derivative, and using the a
tionwithout the square root that we argues we 
an use if we 
hoose � to equal salong the solution 
urve, we haveÆI = Z �2�1 2Æxx(�sx2 + 2x2�sy2) + x2(��Æx�sx+ ��Æyx4�sy)d� (2)where I have used s for those pla
es where we are on the solutions 
urve and �where we have to remind ourselves that we are perhaps o� the solution 
urve.Taking the integration with respe
t to � and re
alling that the end pointterms are zero (Æx = Æy = 0 at the endpoints) we haveÆI = 2 Z s2s1 Æx �x((�sx)2 + 2x2(�sy)2)� �s(x2�sx)� (3)Æy(��s(x4�sy))ds (4)Now, if ÆI is supposed to be zero for all possible variations from the 
urve, thenwe must have x((�sx)2 + 2x2(�sy)2)� �s(x2�sx) = 0 (5)��s(x4�sy) = 0 (6)Now, if y = 
onst all derivatives of y are zero, and the equations be
omex((�sx)2)� �s(x2�sx) = 0 (7)0 = 0 (8)Again we know we have a �rst integral ofx2(�sx)2 + x4(�sy)2 = 1 (9)1



or x2(�sx)1 = 1 (10)or 12�s(x2) = �1 (11)Thus, the distan
e along these 
urves is x2=2. If we de�ne R = x2=2, the originalmetri
 be
omes ds2 = dR2 + 4R2dy2 (12)If we interpret 2y as � and R as r, this is exa
tly the metri
 of 
at spa
e inpolar 
oordinates.|||||||||||||||||||||||-2.) For 
at spa
etime, where in x; y 
oordinates, the metri
 isds2 = dx2 + dy2 (13)de�ne new 
oordinates X; Y su
h thatx = 
osh(X) 
os(Y ) (14)y = sinh(X)sin(Y ) (15)Find the metri
 in terms of X and Y (I.e., express the distan
e ds2 in termsof dX; dY and fun
tions of X and Y ). (These 
oordinates are 
alled ellipti
al
oordinates be
ause surfa
es of 
onstant X are ellipses, and of 
onstant Y arehyperbolas)*******************************************************dx = sinh(X) 
os(Y )dX � 
osh(X)sin(Y )dY (16)dy = 
osh(X) sin(Y )dX + sinh(X) 
os(Y )dY (17)Substituting this into the expression for the metri
, we havedx2 + dy2 = (sinh(X) 
os(Y )dX � 
osh(X)sin(Y )dY )2 + (
osh(X) sin(Y )dX + sinh(X) 
os(Y )dY )2(18)= (sinh2(X) 
os2(Y ) + 
osh2(X) sin2(Y ))(dX2 + dY 2) (19)The question is whether or not any of the lines X = 
onst or Y=
onst. arestraight lines.Of 
ourse, the easy way is simply to look at what 
urves these represent inx; y 
oordinates. If we take X = 
onst we get x=y = Const 
os(Y )=sin(Y )whi
h is a stright line only is that Const is zero or in�nity. It 
annot be zero,and so the only solution is X=0, whi
h is the x axis.Similarly if Y is 
onstant, then x=y = 
osh(X)= sinh(X) Const whi
h is a
onstant only if Const is 0 or 1. Again this is either the X or the Y axes.2



Note that in both 
ases, the line os oly part of the X axis. (in the �rst 
ase,lying between �1 < x < 1 and in the se
ond jxj > 1.One 
an also derive the equations of the straight line for this metri
.�s(sinh2(X) 
os2(Y ) + 
osh2(X) sin2(Y ))�sX)� (
osh(X) sinh(X)((�sX)2 + (�sY )2) = 0 (20)�s(sinh2(X) 
os2(Y ) + 
osh2(X) sin2(Y ))�sY )� (
os(Y ) sin(Y ))((�sX)2 + (�sY )2) = 0 (21)If we take X = A, then these equations be
ome
osh(X) sinh(X)(�sY )2 = 0 (22)�s(sinh2(X) 
os2(Y ) + 
osh2(X) sin2(Y ))�sY )� 
os(Y ) sin(Y )(�sY )2 = 0 (23)from the �rst, either 
osh(X) sinh(X) = 0 whi
h means that X = 0 or �s(Y ) =0, whi
h would mean that both and that is not a line at all{ it is a point. Thuswe must have that X = 0, whi
h give the se
ond equation as�s(sin2(Y )�sY )� 
os(Y )sin(Y )(�sY )2 = 0 (24)whi
h 
ertainly has a solution for Y as a fun
tion of s. iIe, X = 0 is a straightline.Similarly if we take Y = 
onst, the only solution is Y = 0.||||||||||||||||||||||||{Are any of the lines X = 
onst or Y = 
onst straight lines? (You do nothave to solve the equations but just show that they are straight lines)3. Consider the metri
 ds2 = x2dx2 + x2dy2 (25)Find the geodesi
 equations for this metri
.Show that x = iy + C (26)formally ( for x and y 
omplex ) are solutions to these equations.*************************************************************The equations are�s(x2�xx) � x((�xx)2 + (�sy)2) = 0 (27)�s(x2�sy) = 0 (28)If x = iy, substituting into these two equations gives�i�s(y2�sy)� iy(�(�sy)2 + (�sy)2) = 0 (29)��s(y2�sy) = 0 (30)But these are idential equations. Thus if we solve for y as a fun
tion os s itwill satisfy both equations. Ie, it will be a 
onsistant solution.3



But this means that that is a "straight line" but of 
ourse not in real spa
e.Note that these do NOT obeyx2((�xx)2 + (�sy)2) = 1 (31)but rather that is equal to zero. Ie, this is like a null 
urver.||||||||||||||||||||||{4.a) A parti
le of mass M at rest emits a gamma ray of energy E, leaving aparti
le of mass M'. What is M' as a fun
tion of E and M?Many ways of solving this.�PM = �P
 + �PM 0 (32)where PM has only the t 
omponent non-zero, and it is M
. Then�M 02
2 = �PM 0 � PM 0 = ( �PM � P
) � ( �PM � �P
) (33)= �P� �PM + �P
 � �P
 � 2 �PM � �P
 (34)= �M2
2 � 0 + 2M
E=
 (35)or M 02 =M(M
2 � 2E)=
2 (36)You 
ould also solve by writing down the equations for the 
omponents.Assume that the gamma goes in the x dire
tion. Then P
x = E=
 andM
 = EM 0=
+E=
 (37)0 = PM 0x +E=
 (38)(39)with �(EM 0=
)2 + (PM 0x)2 = �(M 0
)2 (40)or (M
�E=
)2 � (�E=
)2 =M 02
2 (41)(42)with the same as before.********************************************************************b)Now the resultant parti
le of mass M' in part a) at rest. What energy �would a gamma ray parti
le need in order to be absorbed and 
reate the originalparti
le of mass of M again. Why is � not the same as E?(I will use the same symbols as in a) but they do not mean the same thing)�PM = �P
 + �PM 0 (43)4



where now PM 0t =M 0
 is the only non-zero 
omponent and �P
t = �P
x = �=
.In this 
ase we want � so we just square both sides and get�M2
2 = �M 02
2 � 2�M 0 (44)or � = (M2 �M 02)
2=2M 0 = MM 0E (45)The extra energy is needed be
ause of the re
oil energies of the parti
les inthe two 
ases. In the �rst 
ase the mass di�eren
e goes into re
oil energy andgamma energy. In the se
ond the mass di�eren
e plus the re
oil enegy is thegamma energy.************************************************************5.) a) Pole and Barn revisited. A runner 
arrying a horizontal pole isrunning at a barn at 4/5 the velo
ity of light. When both are at rest, the polehas exa
tly the same length as the barn. A

ording to the runner, the barn willbe 
ontra
ted. However, when the runner, lo
ated at the trailing edge of thepole, sees the front of his pole hit the far inside end of the barn, how far fromthe end of the barn is he lo
ated?This is di�erent from the usual in that what is important is what the runnersees, not what he infers. Thus, although the barn is shorter than the pole inhis frame, it takes time for the light to get from the front of the pole hittingthe ba
k of the barn to the runner. If the length of the pole is L, it takes lightL/
 time to get to the runner. During that time the front of the barn ( whi
hwas at p1� v2=
2L in the runners frame when the front of th epole hit theba
k of the barn) moves vL/
. Thus the lo
ation of the front of the barn isp1� v2=
2L+ vL=
 while the ba
k of the barn is at vL=
.Now p1� v2=
2+ v=
 is always bigger than one, while v=
 is less than one.Ie the runner sees the front of the pole hit the ba
k of the barn when the runneris inside the barn.If v/
=4/5. then p1� v2=
2 + v=
 is 7/5L and v/
L is 4/5 L. The runneris lo
ated at L, so he will be 1/3 of the way from the ba
k of the barn towardthe front of the barn.One 
an also do this same 
al
ulation from the barn's point of view. Here,the light travels fromt he ba
k of the barn toward the runner at 
, at the sametime as the runnner is going toward the ba
k at v. The runner is at the pointp1� v2=
2L when the pole hits the ba
k. Thus the equation for the runner is(setting t=0 as the time when the pole hits the ba
k)p1� v2=
2L�vt = 
t, andthus the point where they meet is 
t = 
p1� v2=
2L=(
+ v) =q 
�v
+vL = L=3.******************************************************b) Bob leaves Ali
e behind on earth and travels o� to the nearest star 4 lightyears away and returns. (A light year is the distan
e light travels in one year)On his return, Bob �nds that the total trip a

ording to his 
lo
ks is 10 hours5



less than Ali
e 
laims it was. How fast was he travelling? (Assume 
onstantvelo
ity for the trip there and ba
k). (Note{ Use 1 year=104 hours.)Twin's paradox: The moving traveller's 
lo
k goes slower by p1� v2=
2.The time that Ali
e measures the trip as taking is 2L=v where v is Bob'svelo
ity. Bob will measure it as p1� v2=
2L=v and thus the di�eren
e is2Lv (1 �p1� v2=
2 = 10 hours. Let us measure distan
es in light hours, sothat 
=1. Then L is 8 � 104 light hours, and we have 2 1�p1�v2v = 2:4 � 10�4. Ex-pand the square root in a taylor series and keeping only the lowerst order, we getv = 2:5 � 10�4. Note that the whole trip will then take 8 104=2:5 10�4 = 3:2 108hours or just over 3000 years. Ali
e and Bob are very long lived people.*****************************6.) Light traveling through water at rest travels at a speed of 1n the velo
ityof light where n is the index of refra
tion. Assume that the water is travelingat velo
ity v in the lab in the same dire
tion as the light is traveling. What, tolowest order in v is the velo
ity of that light a

ording to the lab frame.Addition of velo
ities w = 
=n+ v1 + v
=n
2 (46)Doing taylor series expansion get 
=n+ v � 
=n v
=n
2 = 
=n+ v(1� 1n2 )
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