
Physis 407-09Assignment 51) Show that for the metrids2 = (1� 2Mr )(�dt2 + dr2 + r2d�2 + r2sin2(�)d�2) (1)there is no deetion of light.(solve the geodesi equations, where you an again assume that � = �=2 and�nd the equation for r as a funtion of �. Show that the straight lines as afuntion of r and � are exatly the same as those in at spaetime).It was this in part whih aused Einstein to rejet the Nordstrom theory,whih predited a metri suh as the above.******************************************************88The geodesi equations are dds �(1� 2M=r)r2sin(�)2 d�ds� = 0 (2)dds �i(1� 2M=r)r2 d�ds�� (1� 2M=r)sin(�)os(�)d�ds 2 = 0 (3)dds �(1� 2M=r) dtds� = 0 (4)The equation for the variation with respet to r an be replaed by the lengthof the geodesi(1� 2M=3)(� dtds2 + drds 2 + r2(d�ds 2 + sin(�)2 d�ds 2) = �� (5)where � = 1 for timelike paths and 0 for lightlike.Again we an take � = �=2 as a solution of the � equation.d�dt = L(r2(1� 2M=r)) (6)dtds = E(1� 2M=r) (7)drds 2 = E2(1� 2M=r)2 � �=(1� 2M=r)� L2(r2(1� 2M=r)2) (8)Again using the �rst and last to write these in terms of r and � insteadL2(1� 2M=r2)r4 drd� 2 = E2(1� 2M=r)2 � �=(1� 2M=r)� L2(r2(1� 2M=r)2) (9)or writing in terms of u = 1=r and � we havedud� 2 = E2=L2 � (�=L2)(1� 2Mu)� u2 (10)1



For � = 0, lght rays, this is exatly the same as the equation for a straight line(u = E=Los(� � �0) or r os(� � �0) = L=E whih is just the equation for astraight line in r� oordinates.For � = 1 this is exatly the same as Newton's equations for orbits arounda entral mass, and has no perihelion advane.|||||||||||||||||||||||-2) Consider the Shwartzshild metri. Do a oordinate transformation suhthat t = � + f(r). Find the funtions f(r) suh that the spatial part of themetri is at spae. (Ie, the part of the metri whih does not depend on dt isjust dr2 + r2d�2 + r2sin2(�)d�2) *********************************************************Let us ignore the angular part for now, sine it does not hange.�(1� 2M=r)dt2 + dr2(1� 2M=r) = �(1� 2M=r)(d� + f 0(r)dr)2 + dr2(1� 2M=r) (11)= �(1� 2M=r)d�2 � 2(1� 2M=r)f 0(r)drd� � f 02(1� 2M=r)dr2 � dr2(1� 2M=r) (12)where f 0(r) = df(r)dr . We want the dr2 term to have a prefator of 1, so we want�f 02(1� 2M=r) + 1(1� 2M=r) = 1 (13)f 02 = 2M=r(1� 2M=r)2 (14)Thus the metri will beds2 = �(1� 2M=r)d�2 �r2Mr drd� + dr2 + r2(d�2 + sin(�)2d�2 (15)where the � orresponds to the di�erent signs of the square root in �nding f 0(r)|||||||||||||||||These metris are alled the Panlevi-Gulstrand metris. Show that at r =2M this metri is not singular (ie does not blow up and has a well de�nednon-singular inverse).Show that for the two possible signs of f(r), the surfae r = 2M in the onemetri is not the same as the surfae r = 2M in the other metri.***********************************************************t = � � Z p2M=r(1� 2M=r)dr = � � Z p2Mrr � 2M)dr (16)= � � 2M Z 2y2=overy2 � 1dy = � � (2M(y + Z d�osh(�) ) (17)2



where y2=r2M and y = sinh(�). Taking the integral to r = 2M , or y = 1 we �ndthat the integral diverges as ln(r� 2M). Thus r � 2M orresponds to t = +1in the one ase, and to t = �1 in the other ase. Ie, they orrespond to twototallydi�erent limits.||||||||||||||||||||||3. At what radius does the unstable irular orbit our as a funtion of land E? What is the innermost unstable irular orbit for arbitrary l and E?(This is in the Shwartzshild metri, and it is for massive partiles.)**********************************************************The equation isdud� 2 = E2L2 � (1� 2Mu)L2 � u2(1� 2Mu) (18)For a irular orbit, both dud� and d2ud�2 have to be zero. ThusE2L2 � (1� 2Mu)L2 � u2(1� 2Mu) = 0 (19)2ML2 � 2u+ 6Mu2 = 0 (20)The �rst an always be solved by an appropriate hoie of E=L The seond givesu = (2�r4� 48M2L2 )=12M (21)These two orrespond to a stable and an unstable irular orbit. The smallestone is the stable on (minimum of the energy) sine the seond derivative is2 � 12Mu, and this is positive for small u. We get the largest value for thesmaller solution if the square root is zero, in whih aseu = 16M (22)Thus the innermost irular orbit ours for r=6M.||||||||||||||||||||||-4. Consider a galaxy of mass 1010 times the mass of the sun. (alled theimaging galaxy) on opposite sides of whih we see two images of a muh moredistant galaxy (the imaged galaxy). Assume that one of those images of theimaged galaxy is seen to be twie as far away from the enter of the imaginggalaxy as is the other (all angles are a few seonds of ar). The distant imagedgalaxy has a supernova go o� in it. What would be the di�erene in timesat whih we would see that supernova in the two images here on earth as afuntion of the distane of that imaging galaxy from the earth. ( assume thatthe distane of the imaged galaxy is many times as far away from the earth than3



is the imaging galaxy You an assume that the imaging galaxy is also very farfrom the earth.)Note that you an assume that the images are further away from the enterof the imaging galaxy than is the edge of the matter distribution in that imaginggalaxy, and that the imaging galaxy an be represented as a spherial soure ofgravity.

Figure 1: Geometry of the deetion of distant galaxy light by nearby galaxyThe time delay goes as 4Mln(rmin) where rmin is the radius of losest ap-proah. Thus the time di�erene goes as 4M(ln(r1) � ln(2r1)) = 4Mln(2) Iethe time di�erene does not depend on rmin but only on the mass of the galaxy.In our units GM=2 is a distane, so GM=3 is a time. We have�t = 4GM=3ln(2) = 2:5(:5 � 10�5 � 1010)se = 1:2 � 105se: � 1:3days: (23)This ould be used bakwards to �nd the total mass of the galaxy by measuringthe time delay between the two images.||||||||||||||||||||{
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