Physics 407-07
Assignment 1

1. Given a function f(p) and a set of coordinates z%(p) show that the two
functions

f(p) .
Z. %h’o (*(p) — ' (po)) ¥

have the same cotangent vector at the point py. (p(x) is the point p in the space
corresponding to the coordinates x. Those partial derivatives are evaluated at
the point py. Since %bo are constants, by the definition of the sum of
cotangent vectors, this means that
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The two have the same cotangent vector is for amy nice curve y(\) the
derivatives along the curve are the same.
We can write

F(YN) = F(P (' (v(V))) (4)
and

%fﬁ(/\)) = Zi:aif(P(xi(y(,\)))w -

while

%(Z O f(PE)) (' (v(N) = ' (po) = D_ Oi( f(P(mi))w ©)

which is the same. Thus for all nice curves the two functions have the same
derivative at py along the curve. Thus

dfa = Zaz’f(P(w"))dwa (7)

2. Show that if z* and 7' are two different coordinates , and y(A) and '())
are two different curves through the point py with the point py corresponding
to the same value, A = 0 in both cases, that the two curves defined by

LA =@’ (Y(N) +2'(Y'(N) = 2’ (m)) (8)
@ (YN) + 7' (+' (X)) = & (po)) 9)



have the same tangent vector at the point pgy
R e

sider any function f(p). Then
LI GON + ('O = ) = 3O Pt at 5 (£ GO0 +2( ) = o) (10
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_ df@'(v(V) 4 df (P(z'(7'(N))) _ df (v(\) L F'N) (12)
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Ie, no matter what the coordinate system, the derivative of any function along

that sum curve is the sum of the derivatives along the two curves. This is

independent of which coordinate system we choose, depending only f(P(z"))

being a differentiable function of the coordinates.

This shows that while the definition of the addition of two tangent vectors is
defined via coordinates, the sum tangent vector thus defined does not depend on
which coordinates we use, although the curves I' and I are in general different.

As an example, consider the two curves in two dimensions with coordinates

x,y and r,6
v (13)
x=A (14)
=1 (15)
0a (16)
y=1+2)\ (17)
z=0 (18)

Now write those same two curves in terms of the coordinates 7,6 where
x = rcos(theta)y = rsin(theta) (19)

Show that the sum curve I'(A) defined in the two coordinate systems differ, but

that at the point A = 0 their tangent vectors do not.
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The sum curve in x y coordinates is

r=\ (20)
y=1+4+2X (21)
In r 6 coordinates, we have ~:
r=vVA+1 (22)
0= atan(%) (23)



while ~';
r=|(1+2))] (24)
0 = sign(l+2X\)m/2 (25)
The sum of these two curves is thus
r=VA+14+[(1+2))]1 (26)
0:0:atan(%)+sign(1+2/\)7r/2—7r/2 (27)

Writing these in x,y coordinates, we have

p= (VR F 141+ 2)1)(—=0) (28)

VA2 1

1
= (VR +1+]|(1+2))|———
y=( It Uivser)

This is certainly not the same as the first sum curve. The common point is x=0,
y=2.

) (29)

3. Assume that HAB, LABC and M4p are tensors, and f, g are functions.
Which of the following are tensors and why?

DQa” = HY 4
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This is a tensor. The function Q of a tangent and cotangent vector is a linear
function of those vectors. It is just that the order of the function arguments of
Q is different from that of H.

i)R=H",4
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This is a tensor. It is a function of no vector arguments. The operation of
contraction is defined for tensors and is a valid tensor operation.
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ii)T'ype = H” aAMBc
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The function on the left is a function of the same arguments as on the right
( one contangent vector, and three tangent vectors) and is linear since the RHS
is linear in each argument by definition, so T is a tensor.
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IV)TABC =H At MBC
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This is not a tensor. It is not a linear function of the arguments.

(TE5c XAY P29 (Vp +Up) = HP 4(Vp + Up) + MpcYB Z¢ (30)
= HP \Vp + HP \Up + MpcY P Z¢ (31)



while

T XAYBZ2OVp + TRy  XAY P Z2CUp = (32)
HP \Vp + MpcYB 2% + HP ,Up + MpcY B 2Z¢ (33)

which is not the same. ( there are two MpcYZZ¢)

V) RA = LBAB

KRRk KRR R ROk KRR KK

This is not a tensor. There is not operation which ”contracts” indices of the
same type. this could only mean that the third argument of L is also the first,
but then R is a function of only one argument. So the arguments on the two
sides are different so they could not be the same as functions.
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vi) SA=La"p—Lg~ 4
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This time, the equal index on the RHS does have a meaning, that of con-
traction, which is a valid tensor operation.

Vii) TA = VBHBA
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VcHPE 4 would be a tensor of three arguments, with the first one and second
one being tangent and cotangent vectors respectively. Thus contraction of these
two arguments is defined, and is a tensor operation.

Is 0;H7}, the component of a tensor?
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No, this is not. This only a part of the covariant derivative, the remaining
part being the covariant derivative of the coordinate basis vectors ( expressed
in terms of the Christofel symbols). The coordinates of the covariant derivative
would be

ViHiy = 0iH, + > (D) H™, —TjiHI (34)
m

What are the components of expressed in terms of partial derivatives, Christofel
symbols?

ViH"p (35)

4. Given coordinates r,theta, what are the tangent vectors to the curves
. ey . A A
defined by the coordinate conditions expressed in terms of % and a%

r(A) =ro (36)
9(\) = A (37)
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B(N) = 5% A
r(A) = 10A
B(X) = 50 % A
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What is the cotangent vector of the following functions

fr,0) =r*

f(r,theta) = r* + 6*
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dfa = 2rdra

dfa = 2rdra + 260d6 4

(46)

(47)

In each case find the lengths of these various vectors for each point at which

they are defined if the metric is given by a)

ds* = dr* + db*
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(48)

The inverse metric is the same matrix as the metric.. Thus the lengths are

1

V26



10v/26

2r
2/ 12 + 62
and
ds* = dr?® + r*db* (49)
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1
V1+52r2 = \W26
1/ 100 + 50272 = 10AV26
2r

/ 1
2 ’I‘2 + —202
r

5) What are all the components of the Christofel symbols for the metric

1
ds® = ;drz + rdf? (50)
and for
ds® = 1d7“2 — rdt? (51)
r



