
Physi
s 200-05Pra
ti
e problems 4{ Two system quantum me
hani
sIn the following � are the Pauli matri
es for one parti
le and � are thePauli matri
es for the other parti
le. The same symbol I will be used for theidentity matrix of both.1. Show that the matrix �2 a
ting on the eigenve
tors j+1; 3i and j�1; 3iof �3 obey �2j+ 1; 3i = ij � 1; 3i�2j � 1; 3i = �ij+ 1; 3i (1)This propety of the matri
es a
ting so as to 
hange one state ve
tor intoanother is why they are often also 
alled \Operators". Ie, the � matri
esare often 
alled the � opertors. In this 
ontext, the word Operator and theword Matrix are synonymous.(In the in�nite dimensional 
ase, it is sometimes more 
onvenient to 
allthem operators than think of them as matri
es. For example, if we look atthe way in whi
h the P momentum matrix 
hanges a state expressed in termsof the X eigenve
tors, j	i = R  (x)jxidx, thenP j	i = �i�h Z � (x)�x jxidx (2)and the in�nite dimensional P matrix a
ts like the derivative operator onthe 
oe�
ients of the state. )Show that�2 
 �2(j1; 3i 
 j � 1; 3i) = (�2j1; 3i)
 (�2j � 1; 3i)= j � 1; 3i 
 j+ 1; 3i (3)and that�2 
 �2(j � 1; 3i 
 j+ 1; 3i) = (�2j � 1; 3i)
 (�2j+ 1; 3i)= = j+ 1; 3i 
 j � 1; 3i (4)Thus show that ifj i = 1p2 (j1; 3i 
 j � 1; 3i � j � 1; 3i 
 j+ 1; 3i) (5)1



then �2 
 �2j i = �j i (6)Ie, sin
e we showed in 
lass that j i is an eigenstate of �1 
 �1 and of�3 
 �3, it is and eigenstate of all of the �i 
 �i. One 
an similarly showthat if we de�ne ~� = ~� � � and ~� = ~� � ~� then ~�
 ~�j i = �j i This stateis 
alled the \singlet" state of two spin-1/2 parti
les.�2 = � 0 �ii 0 � (7)and j1; 3i = � 10�j � 1; 3i = � 01� (8)Thus �2j1; 3i = � 0 �ii 0 �� 10� = � 0i � = i� 01� = ij � 1; 3i�2j � 1; 3i = � 0 �ii 0 �� 01� = ��i0 � = �i� 10� = ij1; 3i (9)Thus �2 
 �2(j1; 3i 
 j � 1; 3i) = (�2j1; 3i)
 (�2j � 1; 3i)= (ij � 1; 3i)
 (�ij1; 3i) = j � 1; 3i 
 j1; 3i�2 
 �2(j � 1; 3i 
 j1; 3i) = (�2j � 1; 3i)
 (�2j1; 3i)= (�ij1; 3i)
 (ij � 1; 3i) = j1; 3i 
 j � 1; 3i (10)Thus�2 
 �2j i = 1p2 ((�2 
 �2)(j1; 3i 
 j � 1; 3i)� (�2 
 �2)(j � 1; 3i 
 j1; 3i))= 1p2 (�j � 1; 3i 
 j1; 3i+ j1; 3i 
 j � 1; 3i) = �j i (11)2



2)By the rules of multipli
ation of dire
t produ
t matri
es,(h j 
 h�j)(j ~ i 
 j~�i) = (h jj ~ i)
 (h�jj~�i) = (h jj ~ i)(h�jj~�i) (12)Sin
e the dire
t produ
t of two numbers is just the ordinary produ
t of thetwo numbers.Show that if either j�i is orthogonal to j~�i or j i is orthogonal to j ~ i,then the ve
tors j i 
 j�i and j ~ i 
 j~�i are orthogonal to ea
h other.(h j 
 h�j)(j ~ i 
 j~�i) = (h jj ~ i)(h�jj~�i)= 0 (13)if either h jj ~ i = 0 or h�jj~�i = 0.But, (h j 
 h�j)(j ~ i 
 j~�i) = 0 is just thestatement that j i 
 j�i and j ~ i 
 j~�i are orthogonal to ea
h other. Ie, ifeither of the individual ve
tors in a produ
t state are orthogonal then theprodu
t state is.3)Show that h j�3 
 Ij i = 0 (14)where j i is as de�ned in question 1.By extention all of the individual � and � have zero expe
tation value.Thus, there is no state for the individual parti
les whi
h 
aptures the prob-abilities of this two parti
le entangled state.Note that �3 
 I is almost universally written as �3, not be
ause �3 
 Iequals �3 (it does not and 
ould not sin
e �3
 I is a 4x4 matrix while �3 isa 2x2) but be
ause physi
ists do not like ex
ess symbols. Ie, it is understoodwhen talking about a two (or multi) parti
le system a single operator a
tsonly on the states of that one parti
le and the other parti
le states are leftalone.h j�3 
 Ij i= 12(h1; 3j 
 h�1; 3j � h1; 3j 
 h1; 3j) ((�3j1; 3i 
 Ij � 1; 3i � (�3j � 1; 3i)
 Ij1; 3i)= 12 ((h1; 3j�3j1; 3i)(h�1; 3jj � 1; 3i) + (h�1; 3j�3j � 1; 3i)(h1; 3jj1; 3i)) (15)where I have used the answer to problem 2 in getting to the last line. Buth1; 3j�3j1; 3i = 1 andh�1; 3j�3j � 1; 3i = �1 so the two terms 
an
el.3



4) Show that j	i = 1p2 (j1; 3i 
 j1; 3i+ j � 1; 3i 
 j � 1; 3i) is an eigen-state of �1 
 �1 and �3 
 �3 with eigenvalue +1, and thus would be a statefor whi
h the Bell's inequality expression would give a value of +2p2, whi
hwould also violate the 
lassi
al inequality. Show that this state is also aneigenve
tor for �2 
 �2 with eigenvalue �1.�3 
 �3	 = 1p2 ((�3j1; 3i)
 (�3j1; 3i) + (�3j � 1; 3i)
 (�3j � 1; 3i)= 1p2 (((1)j1; 3i)
 ((1)j1; 3i) + ((�1)j � 1; 3i)
 ((�1)j � 1; 3i) = j	i (16)Similarly using �1j1; 3i = j � 1; 3i�1j � 1; 3i = j1; 3i (17)and similarly for �1, we have�1 
 �1	 = 1p2 ((�1j1; 3i)
 (�1j1; 3i) + (�1j � 1; 3i)
 (�1j � 1; 3i) 4)= 1p2 ((j � 1; 3i)
 (j � 1; 3i) + (j1; 3i)
 (j1; 3i) = j	i (18)Thus this state is a +1 eigenvalue eigenstate of both the operators �3 
 �3and �1 
 �1 .But�2 
 �2	 = 1p2 ((�2j1; 3i)
 (�2j1; 3i) + (�2j � 1; 3i)
 (�2j � 1; 3i) 4)= 1p2 (((i)j � 1; 3i)
 ((i)j � 1; 3i) + ((�i)j1; 3i)
 ((�i)j1; 3i) = �j	i (19)Ie, it is an -1 eigenvalue eigenstate of �2 
 �2For Bell's thm, we took A = �1, B = �3, C = 1p2(�1 + �3) and D =1p2(�1 � �3) Thush	jA
 Cj	i+ h	jA
Dj	i+ h	jB 
 Cj	i � h	jB 
Dj	i= h	j (A
 (C +D) +B 
 (C �D)) j	i= p2	 (�1 
 �1 + �3 
 �3) j	i= p2h	j (+1j	i+ (+1)j	i) = 2p2 (20)whi
h is greater than 2, the Bell 
lassi
al limit at the positive end.4


