Physics 200-05
Assignment 7

1. Show explicitly that the eigenvalues for the matrix A = agl +d -7 are

agi:vii-ﬁ.
apg+as a; —ias al «Q
<a1+ia2 ao—a:%)(ﬂ)_)\(ﬁ)
(ag + az)a + (a1 —ias) S = A
(a1 +iag)a+ (ap — a3)f = A3 (1)

Solving the second for « and substituting into the first we get

(—(ag —az) + A)
(a1 + iag)

(ao + ag)(—(ao - ag) + )\)
(a1 + ias)

(2)

+ (a1 —ia2) = A

Solving for A\ we get

A =ay ++\/a? + a3 + a? (3)
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If

ay = asin(#) cos(¢)
ay = asin(f) sin(e)

w0 = () R

and for the other eigenvalue the eigenvector is

lap — a) = (ew Sian(g)> (6)

cos(3)




< (10 + a('os(H) a(sin(0)(cos(¢p) — isin(qﬁ))) ( cos g) )
(sin(0)(cos(¢) + isin(¢) ap — acos(f) e g)
_ < ag +acos(9 )Cos( )+ a(sin(0 )(cos(q§) —isin(¢g))e Z4’s1n(g)>
a(sin(0)(cos( )+zsm( ) cos(%) + (ap — acos(6))e’sin(§)

< ag cos( +a((‘09( Jeos(£) + sin(6) sin(4)

)
+ asin(6) cos(2) — cos(6)sin (2)
~ (o) liosiﬁl()g)) (7

Ie, this is the eigenvector for the eigenvalue ag + a.

( T used the fact that cos(¢) & isin(f) = e** and the difference of angles
formulas for the trigonometric functions.)

One can do exactly the same multiplication to show that the otherone is
the eigenvector for ay — a or one can remember that the eigenvectors for the

two eigenvalues are orthogonal to each other.

e’d’ a sm

(ap + allag —a) =0

so we just have to check that this is true to see that this must be the eigen-

vector for ag — 1.

—e ®sin(¢
(w0 -+allas ) = (cos() e sin(d)) ()

= e "(—cos(0/2)sin(0/2) + sin(0/2)cos(8/2) = 0 (8)
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2. Consider the state vector

|w>=ﬁ(%) 8

a)What is the unit vector |¢) orthogonal to this vector? Ie, (¢||¢)) = 07

a) 1 (1—id)
wi(§) = g5l + 5 =0 (10)



The easiest way to do this is simply to interchange the two components and
stick in a minus sign.

1 (1+4)
T2 A
gL

a

b

thermore has the same magnitude.
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b) Show that the matrix A = [¢)(¢)| — |¢)(¢| has eigenvalues £1 and
eigenvectors |¢) and |¢). (Remember that |u)(v| is the product of a column
vector times a row matrix, which is a 2x2 matrix if the |u) and |v) are 1x2

vectors. )
(i) e o= i) a

Alg) = ([0) @] = @) (@D[v) = ) {llv) = o) (ll¥) = [¥) =0 =) (12)

le, if one has a vector < ) then (—a*) is clearly orthogonal, and fur-

Similarly
Alg) = ([0) (W] = [0)(d])|9) = [V){(¥[|¢) — |9)(olld) = 0 —|d) = —[¢) (13)
since (1]6) = (611 = 0 and (i]|) = (6]16) = 1
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Finally show that |¢) (1| is a projection operator ( has a single eigenvalue
of value 1 and the other eigenvalue has value 0) with |¢)) as the eigenvector

with 1 as the eigenvalue.
This follows almost immediatly from the above.

) (W[ l) = ) (14)
so [¢) is an eigenvector with eigenvalue 1. Similarly
) {(¥]lg) =0 (15)



so |¢) is an eigenvector with eigenvalue 0.
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3. Given the matrix

(3 242
A_<2—% —1> (16)

what are the values of ag, a;, as, a3 and what are the eigenvalues of this
matrix?

CL[]:L CL3:2, CL1:2, CLQZ—Q
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What is the projection matrix onto the larger eigenvalue? If the state

|y = (é) what is the probability that the largest eigenvalue of A is obtained

in a measurement _
The Projection matrix is 3(/ + J= 0. d-d= 22 422 + 22 = 12 so the
projection matrix is

1 1 11+ =+=%
P+:5(I+—<alaa+o—3)>=§(1 oy f) (17)
V3 VG Vv

The probability of measuring the eigenvalue whose eigenvector is [1)) =
<(1)> is

wiam = 0y (T8 TR () =jar g ay

1 )

R e L L L L E L L EToT]
4) Show that
[A, BC| = [A, B|C + B[A, (] (19)

where A, B, C are matrices and [A, B] = AB — BA is the commutator.

[A, BC] = ABC — BOA = ABC — BAC + BAC — BCA = [A, B|C + B[A, C](20)

as required
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Show that if X and P obey
[X, P]| =ihl (21)

and if we define the Energy as

1 k

where m and k are real numbers. Then

1
X H| =ih—P 9
X, H] = ih— (23)
and
[P, H| = —ihkX (24)
1 k 1 k
X . Hl = [X,—P?>+-X?=[X.—P?+—[X, X?
(X, H] [,2m +2][,2m]+2[,]
- Lxpprx. o= ar+rn="p (25
oom ’ - 92m T m
and
PH] = [P P24 ix? = (p 4 Bp = o4 B e v 1 (P X)) = —iew
= ey 2 1T o, gl 1= U U A=
since [P, X] = —[X, P]
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Show that if we define the non-Hermitean matrix

A= (km)iX +i P

Ll

(A, H] = h\/%A (27)

, then




1

|
X, H] +i o] = in M p

A=

AH] = (km : r X
[4, H] (km) i) p- o)
~ h %(i(k;)%P—i-(km)%X):h\/%A (28)

KKK K S K KK KSR K SR K SR SR SR K oK K SR KK K KR K SRR KSR K Sk K SR KSR K ok KRR K oK K oo
Finally, show that if |F) is an eigenvector if H with eigenvalue E, then

A|E) is an eigenvector of H with eigenvalue E — h\/g A is called the
annihilation operator for the simple harmonic oscillator because it annihilates
one unit of energy. (Ie, if the state has energgy E, the new state after

operating on it by A has one unit less energy)
Assume that |E) is the eigenvector for H so H|E) = E|E). Then

H(A|E)) = H(A|E)) — AH|E) + AH|E) = [H, A]|E) + AE|E)

— _h\/ng) + EBA|E) = (E — h\/g)E) (29)

le, A|E) is the eigenvector of H with eigenvalue E — h\/g.

The following is an addition whichis not part of the solution:

Since both (E|P?|E) = (P|E))'P|E) > 0 and similarly (E|X?|E) > 0 we
have that (E|H|E) = E(F||E) > 0 the energy must always be greater than
0. Thus eventually F — nﬁ\/? must go negative for big enough n. Thus

unless at some point A”|E) must be zero. le, if Ey is the smallest eigenvalue
for H, then A|Ey) = 0. Ie there MUST be a smallest energy and all of the
larger energies must be larger.

One can show that H = %\/EATA—I-AAT) and that [A, A] = —A[ finally
giving H = \/%(ATA + 1h Thus applying H to that minimum eigenvector,

we have
1 [k
H|Ey) = 5\/5\]30)

e the minimum energy is Fy = %\/%, and all of the higher energies must be

of the form (n + %)«/%
B L



This can be used to show that the eigenvalues for the Harmonic oscillator
must have values (n + %)ﬁ\/% where n is a positive integer. (You do not
have to show this, but if you want to do it for yourself, The key is that there
must be a minimum eigenvalue since (1)|H|) is greater than 0 and thus the
A cannot step the eigenvalues to less than 0.)

(See the text book for further explication.)



