
Physi
s 200-05Assignment 71. Show expli
itly that the eigenvalues for the matrix A = a0I +~a � ~� area0 �p~a � ~a. � a0 + a3 a1 � ia2a1 + ia2 a0 � a3 ���� � = ���� �(a0 + a3)�+ (a1 � ia2)� = ��(a1 + ia2)� + (a0 � a3)� = �� (1)Solving the se
ond for � and substituting into the �rst we get(a0 + a3)(�(a0 � a3) + �)(a1 + ia2) + (a1 � ia2) = �(�(a0 � a3) + �)(a1 + ia2) (2)Solving for � we get � = a0 �qa21 + a22 + a23 (3)************************************************************If a1 = a sin(�) 
os(�)a2 = a sin(�) sin(�)a3 = a 
os(�) (4)then show that the eigenve
tor for the a0 + a eigenvalue isja0 + ai = � 
os( �2)ei� sin( �2)� (5)and for the other eigenvalue the eigenve
tor isja0 � ai = ��e�i� sin( �2)
os( �2) � (6)
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� a0 + a 
os(�) a(sin(�)(
os(�)� i sin(�))a(sin(�)(
os(�) + i sin(�) a0 � a 
os(�) �� 
os( �2)ei� sin( �2)�= � (a0 + a 
os(�)) 
os( �2) + a(sin(�)(
os(�)� i sin(�))ei� sin( �2)a(sin(�)(
os(�) + i sin(�) 
os( �2) + (a0 � a 
os(�))ei� sin( �2) �= � a0 
os( �2 + a(
os(�)
os( �2) + sin(�) sin( �2))ei�(a0sin( �2 + a(sin(�) 
os( �2)� 
os(�)sin( �2))�= (a0 + a)� 
os( �2)ei� sin( �2)� (7)Ie, this is the eigenve
tor for the eigenvalue a0 + a.( I used the fa
t that 
os(�)� isin(�) = e�i� and the di�eren
e of anglesformulas for the trigonometri
 fun
tions.)One 
an do exa
tly the same multipli
ation to show that the otherone isthe eigenve
tor for a0 � a or one 
an remember that the eigenve
tors for thetwo eigenvalues are orthogonal to ea
h other.ha0 + ajja0 � ai = 0so we just have to 
he
k that this is true to see that this must be the eigen-ve
tor for a0 � 1.ha0 + ajja0 � ai = ( 
os( �2) e�i� sin( �2) )��e�i� sin( �2)
os( �2) �= e�i�(�
os(�=2)sin(�=2) + sin(�=2)
os(�=2) = 0 (8)********************************************************************2. Consider the state ve
torj i = 1q(2)  11+ip2 ! (9)a)What is the unit ve
tor j�i orthogonal to this ve
tor? Ie, h�jj i = 0?h j��� � = 1p2(� + (1� i)p2 �) = 0 (10)2



The easiest way to do this is simply to inter
hange the two 
omponents andsti
k in a minus sign. � = 1p2 (1 + i)p2� = � 1p2Ie, if one has a ve
tor � ab � then � b��a� � is 
learly orthogonal, and fur-thermore has the same magnitude.*****************************************************************b) Show that the matrix A = j ih j � j�ih�j has eigenvalues �1 andeigenve
tors j i and j�i. (Remember that j�ih�j is the produ
t of a 
olumnve
tor times a row matrix, whi
h is a 2x2 matrix if the j�i and j�i are 1x2ve
tors.) � ab � ( 
 d ) = � a
 adb
 bd � (11)Aj i = (j ih j � j�ih�j)j i = j ih jj i � j�ih�jj i = j i � 0 = j i (12)SimilarlyAj�i = (j ih j � j�ih�j)j�i = j ih jj�i � j�ih�jj�i = 0� j�i = �j�i (13)sin
e h jj�i = h�jj i = 0 and h jj i = h�jj�i = 1********************************************************************Finally show that j ih j is a proje
tion operator ( has a single eigenvalueof value 1 and the other eigenvalue has value 0) with j i as the eigenve
torwith 1 as the eigenvalue.This follows almost immediatly from the above.j ih jj i = j i (14)so j i is an eigenve
tor with eigenvalue 1. Similarlyj ih jj�i = 0 (15)3



so j�i is an eigenve
tor with eigenvalue 0.***************************************************************3. Given the matrix A = � 3 2 + 2i2� 2i �1 � (16)what are the values of a0; a1; a2; a3 and what are the eigenvalues of thismatrix? a0 = 1; a3 = 2; a1 = 2; a2 = �2*******************************************What is the proje
tion matrix onto the larger eigenvalue? If the statej i = � 10� what is the probability that the largest eigenvalue of A is obtainedin a measurement.The Proje
tion matrix is 12(I + ~ap~a�~a � ~�. ~a � ~a = 22 + 22 + 22 = 12 so theproje
tion matrix isP+ = 12  I + 1p3(�1 � �2 + �3)! = 12  1 + 1p3 1p3 + ip31� 1p3 1p3 � ip3 ! (17)The probability of measuring the eigenvalue whose eigenve
tor is j i =� 10� ish jAj i = ( 1 0 ) 12  1 + 1p3 1p3 + ip31� 1p3 1p3 � ip3 !� 10� = 12(1 + 1p3) (18)******************************************************************884) Show that [A;BC℄ = [A;B℄C +B[A;C℄ (19)where A; B; C are matri
es and [A;B℄ = AB �BA is the 
ommutator.[A;BC℄ = ABC �BCA = ABC � BAC +BAC � BCA = [A;B℄C +B[A;C℄(20)as required 4



**********************************************************Show that if X and P obey[X;P ℄ = i�hI (21)and if we de�ne the Energy asH = 12mP 2 + k2X2 (22)where m and k are real numbers. Then[X;H℄ = i�h 1mP (23)and [P;H℄ = �i�hkX (24)[X;H℄ = [X; 12mP 2 + k2X2℄ = [X; 12mP 2℄ + k2 [X;X2℄= 12m([X;P ℄P + P [X;P ℄) + 0 = i�h2m(IP + PI) = i�hmP (25)and[P;H℄ = [P; 12mP 2 + k2X2℄ = [P; 12mP 2℄ + k2 [P;X2℄ = 0 + k2([P;X℄X +X[P;X℄) = �i�hkX(26)sin
e [P;X℄ = �[X;P ℄****************************************************************Show that if we de�ne the non-Hermitean matrixA = (km) 14X + i 1(km) 14 P, then [A;H℄ = �hs kmA (27)5



[A;H℄ = (km) 14 [X;H℄ + i 1(km) 14 [P;H℄ = i�h(km) 14m P � i�hki 1(km) 14 X= �hs km(i 1(km) 14 P + (km) 14X) = �hs kmA (28)******************************************************Finally, show that if jEi is an eigenve
tor if H with eigenvalue E, thenAjEi is an eigenve
tor of H with eigenvalue E � �hq km . A is 
alled theannihilation operator for the simple harmoni
 os
illator be
ause it annihilatesone unit of energy. (Ie, if the state has energgy E, the new state afteroperating on it by A has one unit less energy)Assume that jEi is the eigenve
tor for H so HjEi = EjEi. ThenH(AjEi) = H(AjEi)� AHjEi+ AHjEi = [H;A℄jEi+ AEjEi= ��hs kmAjEi+ EAjEi = (E � �hs km)jEi (29)Ie, AjEi is the eigenve
tor of H with eigenvalue E � �hq km .The following is an addition whi
his not part of the solution:Sin
e both hEjP 2jEi = (P jEi)yP jEi > 0 and similarly hEjX2jEi > 0 wehave that hEjHjEi = EhEjjEi > 0 the energy must always be greater than0. Thus eventually E � n�hq km must go negative for big enough n. Thusunless at some point AnjEi must be zero. Ie, if E0 is the smallest eigenvaluefor H, then AjE0i = 0. Ie there MUST be a smallest energy and all of thelarger energies must be larger.One 
an show that H = 12q kmAyA+AAy) and that [A;Ay℄ = ��hI �nallygiving H = q km(AyA + 12�h Thus applying H to that minimum eigenve
tor,we have HjE0i = 12s km jE0iIe the minimum energy is E0 = 12q km , and all of the higher energies must beof the form (n + 12)q km*********************************************************************6



This 
an be used to show that the eigenvalues for the Harmoni
 os
illatormust have values (n + 12)�hq km where n is a positive integer. (You do nothave to show this, but if you want to do it for yourself, The key is that theremust be a minimum eigenvalue sin
e h jHj i is greater than 0 and thus theA 
annot step the eigenvalues to less than 0.)(See the text book for further expli
ation.)
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